
 

 

 

 

GENERALIZATION AND CONTROL IN ALGEBRA 
Mabel Panizza26 

Universidad de Buenos Aires (CBC), Argentina 
This study addresses the importance of a pedagogical approach that contemplates 
generalizations students make spontaneously, due to the high value generalizations 
have in the learning of algebra and the construction of mathematical rationality. I 
consider the problem of the control of spontaneous generalizations, from the perspec-
tive of both didactic interventions and student’s learning. I analyze the problem of the 
internal validation in the case of algebraic writings. I show various examples of pre-
university students’ (17-18 years) spontaneous generalizations and handling of con-
trol. The study suggests the necessity to face this problem from the beginning of the 
secondary school. 
INTRODUCTION 
Algebra constitutes a domain which favours the progress of mathematical rationality 
from the beginning of secondary school, through reasoning involving generalization. 
Moreover, generalization processes are of a great value in the production of knowl-
edge (personal and scientific) (Garnham & Oakhill, 1993).  
The ability to generalize is a common faculty of human reasoning, not specific of any 
content, which raises (not content-specific) learning questions. However, the ability 
to generalize in a particular domain involves specific learning problems within this 
domain. Various authors have considered the question of generalization in algebra, 
and favouring generalization activities is now seen as being an approach to algebra 
(see Bednarz, Kieran, Lee, 1996). Specially, justification related to generalization 
processes has been considered by Radford (1996) and, from a different perspective, 
by Balacheff (1987, 1991), amongst others.  
However, students do not generalize only when faced to generalization activities (so 
as to find numerical or geometrical patterns, laws governing numbers, or the con-
struction of formulas, etc). They also make generalizations in the context of tasks 
which do not require finding any regularity. This is what we call spontaneous gen-
eralizations (Panizza 2005a, 2005b). 
From the point of view of the teacher's interventions, this sets the problem of antici-
pation. How can the teacher be attentive to the emergence of such spontaneous proc-
esses? Moreover, the student perceives differently the necessity to justify generaliza-
tion, according to the more or less spontaneous character of the generalization, inas-
much as mathematical rationality is under construction.  
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On the other hand, algebraic environment differs clearly from numerical and geomet-
rical environments from the point of view of the feedback given to the student's ac-
tivities.  
It is important to consider this question in a systematic way through the various ap-
proaches to algebra (described in Bernardz, Kieran, Lee, 1996), which provide very 
different contexts for the emergence of such processes; in particular, from the point of 
view of the possibilities of control within algebraic environment or by means of con-
version to other semiotic 'registers' (Duval, 1995, 2006). 
I claim that such a pedagogical approach in the domain of algebra may favour the 
construction of mathematical rationality in secondary school. 

RESEARCH METHODS 
The data presented in this paper were obtained trough qualitative methods: 
observation of regular classrooms and case studies, focusing on student’s reasoning 
when analysing statements written in symbolic language. The research was conducted 
within four different pre-university (17-18 years) algebra courses. 
The observations were conducted in a systematic way. A set of tasks was selected to 
be administrated in class by the teacher, in order to observe the procedures of stu-
dents when analysing statements written in symbolic language, especially when try-
ing to determine conditions under which algebraic statements are true. Special atten-
tion was directed to: the verbal and symbolic descriptions students produced, based 
on their observations and descriptions of objects of reference of statements (instantia-
tions);  its influence on the processes of statements (re)formulation; the treatments (in 
the sense of Duval) they do within the algebraic writings register and the capacity for 
going over from the formulation of  statements in symbolic language to a representa-
tion of the statement in other register (conversions, in the sense of Duval), very  espe-
cially the  use of this capacity for control. The data consisted of notes from classroom 
observations and the student’s written works.  
The study allowed identifying some phenomena among which the different kinds (ac-
cording to its origin) of spontaneous generalizations presented in this paper. 
For the case studies, four students that were considered representatives of the studied 
phenomenon were chosen from the algebra courses (their real names have been 
changed in this paper). The intention was to find specific features related to sponta-
neous generalizations, through mini-clinical interviews, all of them audio recorded. 
The reactions of students facing counterexamples provided by the interviewer in the 
context of their spontaneous generalizations, together with their perception (or lack of 
it) of the necessity of control and their processes of control inside or outside the regis-
ter of algebraic writings, were observed.  
The study showed that students often do (new) spontaneous generalizations based on 
the counterexamples provided by the interviewer and that their spontaneous generali-
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zations are based on local associations of few examples which are not representatives 
of the objects of reference of the statements. 

SPONTANEOUS GENERALIZATIONS: WHICH? WHY? WHAT? WHERE? 
HOW?  
What are the spontaneous generalizations? Why it is important to take them into ac-
count in the class of mathematics? In what contexts do they emerge? How? 
Spontaneous generalizations: which? 
Let us see some examples, taken from the observations in the algebra courses: 

Faced to the problem “Find the real values of x such that x2 ≥ x”, Belén and María an-
swered that “x2 ≥ x is true for every real number” without solving the equation, but 
they arrived there by different ways. Inquired by the teacher, Belén argued “it is evi-
dent, the square of any number is always greater than the number itself!”. María, in-
stead, argued “I have tried with several examples, 1, 2, 3, -1, -2, -3, and so…” 
Belén seems to have generalized to real numbers the property valid for natural and 
integer numbers (extension of schemes of knowledge, see Vergnaud, 1996). María 
seems to have done an induction process. 
I wish to point out that both have done a generalization even if the activity was not a 
generalization one. It is also important to notice that both arrived to the same con-
clusion by different ways of reasoning. I will come back to this point. Nevertheless, 
both examples are very familiar. But let us turn to another one.  
The problem:  
“Decide if the following implication is true or false:  

∀x ∈ R: (2x2 > x (x+1) ⇒ x > 1)”  
was given in class in order to analyze the algebraic competence of students to decide 
the relation between the solution sets of two inequalities - in an implication context -. 
Brenda’s production is especially illustrative of the “problem” of spontaneous gen-
eralizations arising within the frame of a task. 
When solving it, Brenda considers diverse examples, x = 0, x = 1, x = 2, x = 3, x = -1, 
x = -2, x = -3, x = -4 analyzing the value of truth of the antecedent and the consequent 
in each case. She concludes, correctly, that the statement is false, because “it is possi-
ble to find values of x smaller than 1 that fulfil 2x2 > x(x+1)”  
The professor asks her to explain how she arrived at the answer. 
Brenda says that “–2, –3, -4 are counterexamples, because for them the antecedent is 
true and the consequent is false”. 
According to the task, Brenda could have finished there, but she adds, immediately: 
“Ah, it was |x| what we should have put!, what is true is:  
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∀ x ∈ R: (2x2 > x(x+1) ⇒ |x| > 1)”. 
According to my interpretation, Brenda makes a spontaneous generalization of the set 
of counterexamples used by her to argue (x = -4, x = -3, x = -2), and proposes a state-
ment that she considers true. It is to note that the task did not require to find any regu-
larity. Brenda does it spontaneously, perhaps with the intention of finding a true 
statement (Balacheff, 1987).  
I want to draw attention to the fact that from the point of view of the logical complex-
ity, Brenda could have analyzed the value of truth of her statement, since the original 
task was correctly solved and both statements required the same logical competences. 
Even though we can think about a greater difficulty to find the counterexamples - in 
as much these are in the interval [-1,0)-, I want to point out that Brenda does not con-
sider it necessary to analyze her statement, she does not even consider it at all. She 
displays her affirmation beyond. So? 
So, spontaneous generalizations: why?  
Because a large part of the learning achievements resides in the capacity to general-
ize. By generalizing students construct knowledge. The emergence of these processes 
in the class is most important, as much for the learning of algebra as for the develop-
ment of the mathematical rationality.  
But conclusions require validation. This necessity –as it is well known -, is acquired, 
if it ever is, in the very long term.  
On the other hand, when the generalization is a spontaneous one and therefore it is 
not directly related to the task to be solved- as in the cases of Brenda, María and 
Belén- it is difficult for the professor to anticipate it. In addition, a same result can 
come from different processes of generalization, as in the case of María and Belén. 
This is about something that usually occurs in the class of mathematics, and it is dif-
ficult for the teachers to have appropriate resources of intervention. So?  
So, spontaneous generalizations: what?  
This problem has led me to consider the generalization trying to deal with this phe-
nomenon in its diverse manifestations. To do so, I tried to find the student’s processes 
of generalization in there amplest sense, such as those of transference of a domain to 
another one (see Sierpinska, 1995). I also consider extension of knowledge schemes 
as generalization, as it has been studied by Vergnaud (1996) in the domain of mathe-
matics, by Leonard and Sackur (1990) through the notion of local bits of knowledge; 
and by Harel and Tall, -quoted by Mason (1996)- through expansive, reconstructive, 
and disjunctive generalization. So? 
So, spontaneous generalizations: where?  
I consider that the different contexts of use, the nature of the task, the forms that are 
used for representation, the meaning granted to the letters, can originate different 
types of spontaneous generalizations.  
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The contexts provided by different approaches to algebra must be studied from this 
point of view: these contexts, give rise to specific spontaneous generalizations? Are 
there particularities of these contexts in relation to the control possibilities? (Bala-
cheff, 2001). So? 
So, spontaneous generalizations: how?  
Up to now, I have found a lot of spontaneous generalizations, and I find it fruitful to 
consider them as of different kinds. According to its origin (for a particular student in 
a particular moment), a spontaneous generalization may be of nature: 

2. conceptual (based on the content to which the statement refers to), as Belén did 
in extending the range of an existing scheme (“it is evident, the square of any 
number is always greater than such a number!”); 

3. logic (based on an inadequate understanding of logical connectors or rules of 
reasoning), as María did when considering that with several examples she had 
arrived at a true conjecture (“I have proved it with several examples, 1, 2, 3, -1, 
-2, -3, and so…”) 

4. semiotic (based on an analysis of the content of the semiotic representation 
(Duval, 1995, 2006).  

I think that this typology is interesting because it helps the teacher in the identifica-
tion of leading elements of spontaneous generalizations on the part of the students, in 
the possibility of interpreting them and making them evolve.  
Let us see an example of the later (semiotic) kind 
Problem: Study the properties of the function 

 
f(x)=

−x+3ifx<1
x+7ifx≥1

⎧ 
⎨ 
⎩    

Taking into account the habitual scales that students use to plot functions I posed the 
hypothesis that -looking at those graphs- :  

 
 
students would decide the injective character of the function. And it is what 40% of 
the group of students actually did. They generalized the content of the graphic semi-
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otic representation and decided that it was representative of the function in its com-
plete domain. 
As in the case of Brenda, the students who responded to the problem in agreement 
with our anticipation did not consider it even necessary to make a control.  
In order to advance in this point, clinical interviews were made. Let us see the proc-
essing of control that Ana Paula makes, faced to a counterexample provided by the 
interviewer. Ana Paula had stated that the function is injective, having done an in-
complete analytical study (she analyzed each branch (x < 1 and x ≥ 1) of the function 
in isolation) and looking at the plot.  
Let us see (minor episodes have been skipped): 
The researcher suggests her to analyze the pair of values x1= -6, x2 = 2  
Ana Paula does some calculations 

Ana Paula: Oh, yes, it’s true...it is not injective... (she thinks)…What should I have put 
to see it was not injective? A  negative number and a positive one?  

Researcher: I don’t know, you find out. 

Ana Paula: I am searching so that they are the same... (she thinks) 

Ana Paula: Of course, as –x changes the sign it is as if I had two positives, one adds up 
3 and the other 7, I must get the same result... (she equals to 10, she thinks 
and finds –7 and 3)  

Ana Paula:  -7 and 3...-(-7) +3 = 3 + 7, and thus I prove it is not injective  

Researcher:  Wasn’t it proved with –6 and 2?... 
Ana Paula:    Yes, of course I had already verified it (she still searches for 
       counterexamples) 

Researcher:  Why are you searching other counterexamples? 

Ana Paula: Because if I had to do it again I would do it wrongly once again, because 
before I did it analytically, I verified it in the plot and I got the same result 
in both of them. Even more, I did a value table and I didn’t put –6 and 2. I 
don’t understand where was my mistake (reviewing her previous works). 

Researcher: aha... 

Ana Paula: Has the difference between x1 and x2 to be constant?  

 Let’s see, x1 –x2 equals to image 

Researcher: Which image? 

Ana Paula: Of both!… (she gets at a loss in the calculations). 

Ana Paula: Oh no! There are going to be infinite providing the image is greater or equal 
to 8. What can I do to find them? 
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Researcher: The image of x1 has to be the same as that of x2. 

Ana Paula: I’ve already said it, it is the definition. 

Researcher: You’ve said it but you didn’t use it... 

Ana Paula: Aha! (she finally does some calculations and arrives to the equation). 

 -x1 + 3 = x2 + 7 

 x2 + x1 = -4, x1 < 1, x2 ≥ 1  

To make control, Ana Paula analyzes the problem in various representations (graphi-
cal, algebraic, by tables) without integrating them. This example is representative of 
what happens with many students. Next I set out to analyze this problem, specially 
the problem of control related to the algebraic writings. 

PROBLEMS OF CONTROL  
Two aspects seem essential; on the one hand, the problem of the recognition of the 
necessity of control of the conclusions; on the other hand, supposing that the student 
has this ability, the problem of the possibility of making this control is posed 
(Panizza 2005b).  
The problem of the necessity of control  
In relation to the first point, perceiving the necessity of control is different according 
to whether generalization is a spontaneous one or it is obtained as asked for by the 
task. In the latter case, necessity of control is intrinsic to the task. Indeed, when 
someone must make a generalization, a suitable representation of the task should in-
clude the control necessity, that is to say the need to adjust the conjecture to the data. 
In addition, as Radford (1996) indicates “representations (in generalization) as 
mathematical symbols are not independent of the goal. They require a certain antici-
pation of the goal”. That means, according to my interpretation, that in the generali-
zation activities the control occurs like a process, during the resolution itself, 
through the re-representations that are made on the data, based on the analysis of the 
goal. On the contrary, for spontaneous generalizations the necessity of control is not 
intrinsic to the task, since generalization is not directly related to the goal. The exam-
ples of María, Belén, Brenda and Ana Paula are representative of this claim. How-
ever, many students may perceive this necessity. Ana Paula, faced to a counterexam-
ple provided by the interviewer, tries to control by shifting to other representations 
(graphical, algebraic, by tables). Anyway she does not succeed. This leads us to the 
problem of the possibility of control. 
The possibility of control within the algebraic writings register 
I claim that the possibility of control within the algebraic writings register is difficult 
as the retroaction does not work in the same way that in the arithmetical writings reg-
ister or the material geometrical figures domain (Panizza & Drouhard, 2002). 
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In fact, in the arithmetical writings register, when students arrive by reasoning at an 
equality of the type 2 = 3, this writing in itself gives them information that plays the 
role of an element of control. 
In the same way, in the material geometrical figures domain, when, faced to the fa-
mous problem of extension of a puzzle of Nadine and Guy Brousseau (1987), the pu-
pils make inadequate extensions, the fact that the resulting pieces do not fit, consti-
tutes an element of control.  
Algebra is quite different. As Drouhard (1995) shows, when students arrive at 
(a + b)2 = a2 + b2 they believe that the teacher just “prefers another rule”, for instance 
(a + b)2 = a2 + 2ab + b2 (“You made a transformation and I made another one...”). 
This example illustrates a general problem: that the register of the algebraic writings 
does not offer the students good elements of feedback and control.  
Rojano (1994) establishes a similar conclusion (quoting Freudenthal), when analyz-
ing the differences of feedback of the errors in arithmetic and natural language - pro-
vided by numerical contexts and daily communication -, unlike the feedback in the 
register of algebra. However, these characteristics of algebra are not sufficient to de-
termine the conduct of control of a particular student in a particular context. The pos-
sibility that certain information can act as a feedback also depends on: 

3. the student’s abilities to “see” such information;  
4. his possibilities to enter in contradiction (see Balacheff, 1987);  
5. his capacity to deal with different types of statements (of existence, 

individuals, generals); 
6. his linguistic skills on letters (syntax and semantics) (see Kirshner, 1989, 

Duval, 1995, Durand Guerrier, 1996, Panizza, Sadovsky & Sessa, 1998, 
Drouhard, Panizza, Puig & Radford, 2006);  

7. his conceptual and operating skills on numbers, variables, unknowns and 
parameters (see Janvier, 1996).  

I consider that an education that contemplates the fact that these skills are developed 
in parallel and in an interrelated way, must find didactic strategies for helping stu-
dents to develop control means inside and outside the register of the algebraic writ-
ings. I adhere to the didactic frame of reference provided by Duval (ibidem) with the 
notion of conversion between different semiotic representation registers, especially 
for what control possibilities concerns. 

CONCLUSIONS AND PERSPECTIVES 
This study shows that pre-university students make different types of spontaneous 
generalizations in contexts of explanation, proof or discovery, without neither having 
acquired conscience of the necessity of justification of the conclusions, nor abilities 
for making control. From my point of view, this suggests the need of a pedagogical 
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approach at secondary school that considers educational interventions in front of the 
students' spontaneous generalizations, in order to help them to improve mathematical 
reasoning.  
I think that much more research is still needed for that. Specially, concerning the 
spontaneous transferences -such as analogies and metaphors- of algebra domain to 
another one, and the different approaches to algebra as contexts of emergence of 
spontaneous generalizations, their particularities and problems of control.  

REFERENCES 
Balacheff, N. (1987). Processus de preuve et situations de validation. ESM, 18 (2). 

147-176.  
Balacheff, N. (1991). Treatment of refutations: aspects of the complexity of a con-

structivist approach to mathematic learning. In E. von Glasersfeld (Ed.), Radical 
Constructivism in Mathematical Education (pp. 89-110). Dordrecht: Kluwer. 

Balacheff, N. (2001). Symbolic arithmetic vs. algebra. In R. Sutherland, T. Rojano, 
A. Bell & R. Lins (Eds.), Perspectives in school algebra (pp. 249-260). Dordrecht: 
Kluwer.  

Bernardz, N., Kieran, C. & Lee, L. (Eds.). (1996). Approaches to algebra. Dordrecht: 
Kluwer.  

Brousseau, N. & Brousseau, G. (1987). Rationnels et décimaux dans la scolarité 
obligatoire. Bordeaux: IREM de Bordeaux. 

Kirshner, D. (1989). The Visual Syntax of Algebra. Journal for the Research in 
Mathematics Education, 20 (3). 276-287. 

Drouhard, J-Ph. (1995). Blind calculators in algebra: 'So what?' attitude. In E. Co-
hors-Fresenborg (Ed.), Proceedings of the European Research Conference on the 
psychology of Mathematics Education. (ERCME '95). Osnabrück (Germany): Uni-
versity of Osnabrück. 

Drouhard, J-Ph. & Panizza, M. (2003). What do the students need to know, in order 
to be able to actually do algebra? The three orders of knowledge. In M-A. Mariotti 
(Ed.), Proceedings of the 3rd European Conference on Research on Mathematics 
Education (CERME3). Bellaria, Italy. CD. Pisa: Università di Pisa. 

Drouhard, J-Ph., Panizza, M., Puig, L. & Radford, L. (2006). Algebraic Thinking. In 
M. Bosch (Ed.), Proceedings of the 4th Conference of the European Society on the 
Research on Mathematics Education (CERME4) (pp. 631-642). Barcelona: 
FUNDEMI IQS – Universitat Ramon Llull. CD-ROM. 

Durand-Guerrier, V. (1996). Logique et raisonnement mathématique: défense et illus-
tration de la pertinence du calcul des prédicats pour une approche didactique des 
difficultés liées à l’implication. Doctoral dissertation. Lyon: Université Claude 
Bernard, Lyon I.  

WORKING GROUP 4

Proceedings of CERME 6, January 28th-February 1st 2009, Lyon France © INRP 2010   <www.inrp.fr/editions/cerme6> 597



 

 

 

 

Duval, R. (1995). Sémiosis et pensée humaine. Registres sémiotiques et apprentissa-
ges intellectuels. Bern: Peter Lang. 

Duval, R. (2006). A Cognitive Analysis of Problems of Comprehension in a Learning 
of Mathematics. Educational Studies in Mathematics, 61, 103-131. 

Garnham, A. & Oakhill, J. (1993). Thinking and reasoning. Oxford: Blackwell.  
Janvier, C. (1996). Modeling and the initiation into Algebra. In Bednarz et al. (Eds), 

Approaches to Algebra (pp. 225-236). Dordrecht: Kluwer. 
Léonard, F. & Sackur, C. (1994). Connaissances locales et triple approche, une mé-

thodologie de recherche, Recherches en Didactique des Mathématiques. 10-2/3, 
pp. 205-240. 

Mason, J. (1996). Expressing generality and roots of algebra. In N. Bednarz, C. 
Kieran & L. Lee (Eds), Approaches to Algebra. Dordrecht: Kluwer. pp. 65-86. 
Panizza, M. (2005a). Razonar y conocer. Aportes a la comprensión de la 

racionalidad matemática de los alumnos. Buenos Aires: El Zorzal. 
Panizza, M. (2005b). Fenómenos ligados a la validación en álgebra. Acta 

Latinoamericana de Matemática Educativa, 19, 310-316. 
Panizza, M. & Drouhard, J-Ph. (2002). Producciones escritas y tratamientos de 

control en álgebra: algunas evidencias para pensar en interacciones posibles para 
guiar su evolución. In C. Crespo Crespo (Ed.), Acta Latinoamericana de 
Matemática Educativa, 15 (pp 207-212). México: Grupo Editorial Iberoamérica. 

Panizza, M., Sadovsky, P. & Sessa, C. (1999). La ecuación lineal con dos variables: 
entre la unicidad y el infinito. Enseñanza de las Ciencias, 17(3), 453-461. 

Sierpinska, A. (1995). La compréhension en mathématiques. De Boeck Université. 
Radford, L. (1996). Some reflections on teahing algebra trough generalization. In 

Bednarz et al. (Eds), Approaches to Algebra (pp.107-113). Dordrecht: Kluwer. 
Rojano, T. (1994). La matemática escolar como lenguaje. Nuevas perspectivas de 

investigación y enseñanza. Enseñanza de las Ciencias, 12(1), 45-56. 
Vergnaud, G (1996). Theories of conceptual fields. In L. Steffe &  P. Nesher (Eds.), 

Theories of Mathematical learning (pp. 219-239). Mahwah, NJ: Erlbaum. 

WORKING GROUP 4

Proceedings of CERME 6, January 28th-February 1st 2009, Lyon France © INRP 2010   <www.inrp.fr/editions/cerme6> 598




