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GENERAL INTRODUCTION

INTRODUCTION TO CERME 6

BY BARBARA JAWORSK| PRESIDENT OF ERME
EUROPEAN SOCIETY FOR RESEARCH IN MATHEMATICS
EDUCATION

CERME is the two-yearly congress of ERME, the European Society for Research in
Mathematics Education. CERME 6 marks more than a decade of ERME and it is
Important to recognise the achievements of the society over thistime.

In May 1997, a group of 16 scholars from different European countries met in
Osnabriick, Germany, for three days to discuss the formation of a European society in
mathematics education. In true European spirit, we decided that we wanted a society
which would bring together researchers from across Europe, particularly including
colleagues from Eastern Europe, fostering communication, cooperation and
collaboration. We wanted a conference that would explicitly provide such
opportunity. We wanted especialy to encourage and contribute to the education of
young researchers. Thus ERME was born and began to take shape.

We decided on a two-yearly conference, or congress as it later became known, and the
name CERME emerged — Congress of the European Society for Research in
Mathematics Education. CERME should have a group structure in which researchers
would have sufficient time to really get to know each other, share and discuss their
research and engage in deep scholarly debate. The first CERME was planned for
February 1999, at Osnabrtick. The Program Committee took very seriously the aims
for the conference expressed at the 1997 meeting. Seven working groups were
planned and 12 hours were provided for work in a group. To avoid most of the
conference time being taken up by paper presentation, it was decided there would be
no oral presentations at the conference. Papers would be presented in written form
before the conference with sufficient time for group participants to read the papers.
The 12 hours would be spent discussing the papers and working on themes and issues
suggested by the papers and the group leaders. Over the succeeding years, a group led
by Konrad Krainer (Austria) and Paolo Boero (Italy) developed a plan and style for a
YERME summer school (YESS). The first summer school was held in Klagenfurt,
Austriain August 2002. Like CERME, the summer school was based around groups,
working on papers submitted by the young researchers, each with an international
“expert” asleader.

The pattern of CERME and Y ERME has developed so they take place in alternative
years, the group structure being developed and carried forwards from one to the next.
We had CERME 2 in Marianske Lazne, Czech Republic in 2001; CERME 3 in
Bellaria, Italy in 2003; and YESS 2 in Podebrady, Czech Republic in 2004. CERME
4 took place in Saint Feliu, Spain in February, 2005 and YESS 3 in Jyvaskyl§,
Finland in August 2006. CERME 5 was held in Cyprus in February 2007, and YESS
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4 in Trabzon, Turkey in August, 2008. CERME 6 will take place in Lyon, France in
2009 and YESS 5 in Palermo, Italy in 2010. People came from these events speaking
of inspirational experiences. It scemed clear that the events generated something that
we came to cal the CERME Spirit. Based fundamentally on the three Cs,
communication, cooperation and collaboration, the CERME Spirit was about the
inspiration that derives from serious scholarly tackling of ideas and concepts in key
areas and of mathematics education research with colleagues from multiple nations,
facilitated by the group design of the events.

However, the group design was not without its critics. Some critics felt constrained
by the requirement to spend a conference, largely, in just one group. Some felt that a
conference ought to offer a greater variety of opportunity to participants. Participants
should be free to choose where to be at any time. However, the group work at
CERME or YESS would be seriously disrupted if participants were to hop from
group to group, not engaging seriously with the work in any one. Some suggested
that perhaps planning could allow participants to take part in two groups, so that
engagement in both could be serious. Such ideas have been considered by the ERME
Board and Programme Committees but so far we have remained faithful to the initial
conception. Many participants have said in evauation of the events that the
opportunity to spend serious time in one group allowed them to really get to know
researchers from other countries, and that this contributed significantly to the depth of
thinking that was possible.

We want to encourage wider participation to ongoing activity in our Society, with
more nations contributing to hosting events and a secure financia platform for
continuing our inclusive communication, cooperation and collaboration within
Europe. Further detals of ERME can be found at the following site:
http://ermeweb.free.fr/

Barbara Jaworski — President of ERME
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PRESENTATION OF CERME 6 BY FERDINANDO ARZARELLO,
CHAIR OF THE SCIENTIFIC INTERNATIONAL COMMITTEE

As pointed out in the document written by our President, CERME is a Congress
designed to foster a communicative spirit in European mathematics education
according to the three Cs of ERME: communication, cooperation and collaboration. It
deliberately moves away from research presentations by individuals towards
collaborative group work. Its main feature is a number (15) of thematic groups whose
members have worked together in a common research area.

In addition to the working group sessions, there was:
e Two plenary lectures and a panel;

e Two parallel 1 hour sessions where the participants had the opportunity of
debating with the plenarists;

e A poster session;

e Final parallel sessions (repeated twice), where each group has presented its work
to the interested participants;

e Policy and purpose sessions to negotiate the work and directions of ERME.
The philosophy of our Congress is based on the following two issues:

I We need to know more about the research which has been done and
Is ongoing, and the research groups and research interests in different
European countries;

li.  We need to provide opportunities for cooperation in research areas
and for inter-European collaboration between researchers in joint
research projects.

In organising this Conference we considered both the ERME spirit and the
observations from the questionnaires filled by the participants, which mainly
concerned the plenary events. Consequently, the following structure was planned:

e Two plenary lectures of 75 minutes; each plenarist had a reactor: they had 60
minutes for their two presentations, and then there was 15 minutes for questions
from the floor. Moreover the interested people had the opportunity to meet the
plenarists in an informal meeting in another day.

e An other event is the specia 2 hour plenary of the last day, which had three
participants. the aim was to discuss a topic emerging from previous CERMEsS,
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analysing it from different standpoints and to give people the possibility of a
wide debate.

The structure of the Working Groups was essentially the same: each group had more
of 12 hours for discussing its topic. In the final Sunday session each group have
presented the results of its work in two consecutive one hour slots, according to the
model experienced in CERME 5, which had received the approval of the participants.

| think that all of us had a very exciting week, plenty of interesting scientific and
social opportunities. In particular | underline the lecture of Prof. E. Ghys —
http://www.dimensions-math.org — and the discussion on a Project of a European
Journal of Mathematical Education.

| wish to thank the local organisers, and particularly Viviane Durand-Guerrier, for the
enormous work they have done to make possible the realisation of this Conference.

Ferdinando Arzarello — Chair of the scientific international committee
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QUALITY AND INCLUSION IN CERME 6: A PROPOSED
REVIEW

The European Society for Research in Mathematics Education (ERME), and its
principal activities CERME (2-yearly Congress of ERME) and Y ERME (meetings of
Young researchers in ERME) are committed to the three Cs. Communication,
Cooperation and Collaboration in research in mathematics education. Over the years
in which ERME has existed, the community has developed what has become known
as “The CERME Spirit”. These words capture a practical manifestation of the
objectives expressed in the three Cs. The phrase refers to an inclusivity of working in
which people genuinely work together, in which al are welcome, and in which
members work hard to ensure that all can take a full part in activity. A major factor
and issue — that of the language of our work — has been addressed serioudly; different
groups devising their own approaches to their working language.

However, these things are not straightforward and issues arise as soon as we
construct practical situations. The main example of this concerns the scientific quality
of our work in mathematics education research. Of course we aspire to a high quality
of scientific work, just as we aspire to operate in fully inclusive ways. Ideally we
should like there to be compatibility between the two. But what does or can this look
likein practice?

These issues face group leaders as soon as they set out to construct a programme of
work for their group, starting with a call for papers. Responding to this call, we see
that many papers are now received for all groups. This suggests that researchers in
our field want to be part of CERME and offer their work to colleagues in CERME.
From an inclusive point of view, all papers should be welcome and all those wishing
to participate should have a place. However, from a scientific point of view, papers
should be reviewed according to scientific criteria, those that are of a suitable
scientific quality (according to the group leaders) should be accepted and others
rgiected. In practice this means that authors of rejected papers may not be able to
attend the congress since funding depends on an accepted paper. The practice seems
to go against principles of inclusion.

The ERME Board, and Programme Committees of CERME conferences have been
aware of these issues and have addressed them by creating a two stage review
process. For presentation of papers at the congress, a much more open attitude should
be taken to the criteria, aiming to include as many participants as possible. At this
stage, feedback to prospective participants should detail what is required for a paper
to be acceptable for the scientific proceedings following the congress. Papers not
meeting these requirements would not be accepted for the proceedings. Of course, it
IS then up to the group leaders to determine how to make the necessary decisions:
what is acceptable for presentation, and what are the more strict criteria for
publication? They aso have to decide how to conduct the work of the group in an

Proceedings of CERME 6, January 28th-February 1st 2009, Lyon France © INRP 2010 <www.inrp.fr/editions/cerme6>  XXIlI



GENERAL INTRODUCTION

inclusive way. Similarly those organising YERME events have to decide how to
ensure both quality and inclusion in practice.

Our sixth CERME achieved, it therefore feels like a time to review these issues and
procedures. For this purpose, a small group of interested members of ERME has
agreed to survey participants in CERME 6 and seek views on the processes and
issues that are involved. We have included an opportunity to comment in the
evaluation questionnaire for CERME 6 and possibility to send us a personal
communication (written) to express your views in more detail. We have also asked
group leaders, present and past, to tell us how they have made decisions and what
difficultiesif any there have been.

As a result of analysing the information received we hope to write a paper for a
scientific edited book on the topic of inclusion and quality. Such a paper could aso
act as abasis for future policy in ERME, CERME and YERME.

Barbara Jaworski,
Ferdinando Arzarello
M. Alessandra Marriotti
Constantinos Christou
Joao Pedro da Ponte
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SCIENTIFIC PROGRAM

CERME 6 PLENARY CONFERENCES
Jan 28, 15:30 - 16:45
Luis Radford, Université Laurentienne, Ontario, Canada.

SIGNS, GESTURES, MEANINGS: ALGEBRAIC THINKING FROM A
CULTURAL SEMIOTIC PERSPECTIVE.

Reactor: Heinz Steinbring (Duisburg-Essen University)

Summary. In this presentation | will deal with the ontogenesis of algebraic thinking.
Drawing on a cultural semiotic perspective, informed by current anthropological and
embodied theories of knowing and learning, in the first part of my talk | will
comment on the shortcomings of traditional mental approaches to cognition. In tune
with contemporary research in neuroscience, cultural psychology, and semiotics, |
will contend that we are better off conceiving of thinking as a sensuous and sign-
mediated activity embodied in the corporeality of actions, gestures, and artifacts. In
the second part of my talk, | will argue that algebraic thinking can be characterized in
accordance with the semiotic means to which the students resort in order to express
and deal with algebraic generality. | will draw upon results obtained in the course of a
10-year longitudinal classroom research project to offer examples of students’ forms
of algebraic thinking. Two of the most elementary forms of agebraic thinking
identified in our research are characterized by their contextual and embodied nature;
they rely extensively upon rhythm and perceptual and deictic (linguistic and gestural)
mechanisms of meaning production. Furthermore, keeping in line with the situated
nature of the students' mathematical experience, signs here usually designate their
objects in an indexical manner. These elementary forms of algebraic thinking differ
from the traditional one—based on the standard alphanumeric symbolism—in that
the latter relies on sign distinctions of a morphological kind. Here signs cease to
designate objects in the usua indexical sense to give rise to symbolic processes of
recognition and manipulation governed by sign shape.

The aforementioned conception of thinking in general and the ensuing distinction of
forms of algebraic thinking shed some light on the kind of abstraction that is entailed
by the use of standard algebraic symbolism. They intimate some of the conceptual
shifts that the students have to make in order to gain fluency in a cultura
sophisticated form of mathematical thinking. Voice, gesture, and rhythm fade away.
Embodied and contextual ways of signifying are then replaced with a perceptual
activity where differences and similarities are a matter of morphology, and where
meaning becomes relational.

Jan 29, 9:15 - 10:30
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Paola Valero, Aalborg University, Denmark.

ATTENDING TO SOCIAL CHANGES IN EUROPE: CHALLENGES FOR
MATHEMATICSEDUCATION RESEARCH IN THE 21ST CENTURY

Reactor: Margarida Alexandra da Piedade Silva Cesar (Lisbon University)

Summary. Based on an analysis of mathematics education research as an academic
field and on current social, political and economic transformations in many European
countries, | would argue for the need to rethink and enlarge definitions and views of
mathematics education as a scientific field of study in order to provide better
understandings and aternatives for practice in the teaching and learning of
mathematics today. | will explore the notion of the “network of mathematics
education practices’ as a complex, multi-layered space of social practice where the
meanings of the teaching and learning of mathematics are constituted. | will illustrate
the potentiality of this notion to envision possible research paths in the field. | will
Illustrate these with the research that my colleagues and | have been carrying on
multicultural classroomsin Denmark; as well as will offer examples of other research
studies in Europe and other parts of the world where | see that the discipline is
gaining newer insights that could allow attending to the social changes and
challenges of the 21% century.

Feb 1st, 11:00 — 13:00

SPECIAL PLENARY: WAYS OF WORKING WITH DIFFERENT
THEORETICAL APPROACHES IN MATHEMATICS EDUCATION
RESEARCH

Speakers: Angelika Bikner-Ahsbahs, Bremen University, Germany
John Monaghan, University of Leeds, United Kingdom
Chair: Tommy Dreyfus, Tel Aviv University, |srael

Structure: This plenary activity is planned to last 2 hours and will comprise five
parts

Introduction (T. Dreyfus, 5 min)

Networking of theories — why and how? (A. Bikner-Ahsbahs, 25 min+5min for
clarifications)

Taking the appropriate parts from a variety of theories (J. Monaghan, 25 min + 5 min
for clarifications)

Questionsto the floor (T. Dreyfus, 10 min)

Questions and contributions from the audience with reactions from the speakers
(45 min)
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Background. The development and elaboration of theoretical constructs that allow
research in mathematics education to progress has long been a focus of mathematics
education researchers in Europe. This focus has found its expression in many
CERME working groups. some are focused around a specific theoretical approach
and others allow researchers from different theoretical traditions and backgrounds to
meet and discuss. More specificaly, relationships between theories have been made
the explicit focus of attention of the theory working group that started at CERME 4 in
2005. The present plenary activity inserts itself in this line of work of CERME, and
ams to broaden the discussion about relationships between theories to include
members of all CERME working groups.

Abstract by Angelika Bikner-Ahsbahs. Networking of theories — why and how?
Research in mathematics education addresses teaching and learning of mathematics
in a wide sense. For example, theories about learning fractions may tell a lot of
different things about learning fractions. Some of them are about mistakes and why
some mistakes are stable. Others may tell us about how students can be motivated to
learn fractions. There are theories about how fraction concepts can be built best,
which students’ imaginations accompany learning fractions and what abstraction
processes can be observed. In addition, we have to distinguish between theories for
gifted students and theories for students with special needs, etc.

These considerations already show that research objects within mathematics
education are complex. This complexity has led to a large variety of theoretical
approaches. Every successful new theoretical view broadens or deepens insight in a
phenomenon, hence, enriches our knowledge about the phenomenon. Therefore, it
seems necessary to regard the large diversity of theories as richness. However, the
rich diversity of theoretical approaches engenders problems of understanding and
communicating. Sometimes we find the same terms meaning different things, for
example the different concepts of abstraction, mathematising and constructing.
However, we also find different words for the same or similar meanings, for example
reification and constructing can both mean building a new knowledge entity.

Hence, a large diversity of theories can be regarded as richness but it also causes
difficulties for researchers to understand each other and for teachers and teacher
trainers to make use of research results in an adequate way. These problems raise the
following questions. How could researchers gainfully frame the use of the diversity
of theoretical approaches? What kind of benefit can be gained through such frames?
How can theories be made more useful for practitioners?

In the plenary talk, networking of theories is proposed to be a fruitful approach to
frame the diversity of theories or theoretical approaches. It has been practiced and
reflected on since 2005 (CERME4) within a group of researchers networking their
theories. This work has already shown that networking of theories means more than
creating a consistent frame to investigate a research question it is a systematic way of
theory development. In the plenary talk, an example is used to clarify the meaning
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and to describe some benefit of it for the research and the practice of teaching and
learning mathematics.

Abstract by John Monaghan: Taking the appropriate parts from a variety of theories.
| will argue the case for ‘taking the appropriate parts from a variety of theories
according to needs of the research’ rather than trying to ‘merge theories'. One part of
my argument iswho | and, if | may extend this, who most CERME participants are —
working mathematics education researchers. Mathematics education research is
demanding and does not (except for a few gifted individuals) allow researchers to
become specialist philosophers, psychologists and /or sociologists; but we may find it
useful to use the ideas of philosophers, psychologists and /or sociologists. Another
part of my argument will concern theoretical frameworks within mathematics
education and | will argue for caution with regard to attempts to merge such theories.
These theories have, in general, distinct historical roots, developed in academic
communities which have appropriated constructs in specific ways and the ‘grain
sizes' of their analyses often differ. Attempting to merge whole theories, as opposed
to appropriating constructs, comes with areal danger of creating an ill-formed hybrid.

So will | argue that mathematics education researchers should ‘pick a little bit from
this theory and a little bit from that theory’? Well, yes, | will ... but with caution! |
will argue that the ‘bits we pick’ depend on the situation, the specific focus of the
research in which we are engaged, and the consistency of ‘bits we pick’.

| have avoided referring to specific theories in this abstract but | will detail theoriesin
my talk and | will also use research studies as cases to exemplify my arguments.

WORKING GROUPS

15 working groups: 7 sessions, 1 or 2 per day, duration 1h30 or 2h
Final group reports; Sunday Feb 1%, 8:30 - 10:30
Poster Session: Thursday Jan. 29 17:15 - 18:30

N.B. The posters remain during the all congress in the hall of the THEMIS.
During the poster session, the authors were present.

Group 1. Affect and mathematical thinking - This includes the role of beliefs,
emotions, and other affective factors

Markku Hannula, Finland (Chair); Tine Wedege, Norway; Marilena Pantziara,
Cyprus.
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Group 2: Argumentation and proof - This includes epistemological and
historical studies, learning issues and classroom situations

Maria Alessandra Mariotti, Italy (Chair); Patrick Gibel, France; Leonor Camargo,
Colombia; Kristina Reiss, Germany.

Group 3: Stochastic thinking - This includes epistemological and educational
Issues, pupils cognitive processes and difficulties, and curriculum issues

Andreas Eichler, Germany (Chair); Maria Gabriella Ottaviani, Italy; Dave Pratt,
United kingdom; Floriane Wozniak, France.

Group 4: Algebraic thinking - This includes epistemological and educational
Issues, pupils cognitive processes and difficulties, and curriculum issues

Chair: Giorgio Bagni, Italy (Chair); Janet Ainley, United Kingdom; Lisa Hefendehl-
Hebeker, Germany; Jean—Baptiste Lagrange, France.

Group 5: Geometrical thinking - This includes epistemological and educational
Issues, pupils cognitive processes and difficulties, and curriculum issues

Alain Kuzniak, France (Chair); lliada Elia, Cyprus; Mathias Hattermann Germany;
Filip Roubicek, Czech Republic.

Group 6: Mathematics and language - This includes semiotics and
communication in classrooms, social processes in learning and teaching
mathematics

Candia Morgan, United Kingdom (Chair); Marie-Thérése Farrugia (Malta); Marei
Fetzer (Germany); Alain Mercier, France.

Group 7. Technologies and resources in mathematical education - Thisincludes
teaching and lear ning environments

Ghidaine Gueudet, France (Chair); Rosa Maria Bottino, Italy; Stephen Hegedus,
United States of America; Hans-Georg Weigand, Germany.
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Group 8: Cultural diversity and mathematics education - Thisincludes students
diverse backgrounds and identities, social and cultural processes involved,
political issuesin the educational and school policies.

Chair: Guida de Abreu, United Kingdom (Chair); Nuria Gorgorio, Spain; Sarah
Crafter, United Kingdom.

Group 9: Different theoretical perspectives / approaches in research in
mathematics education - This includes ways of linking theory and practice and
paradigms of research in ME.

Susanne Prediger, Germany (Chair); Marianna Bosch, Spain; Ivy Kidron, Isragl; John
Monaghan, United kingdom; Gérard Sensevy, France.

Group 10: From a study of teaching practices to issues in teacher education -
This includes teachers beliefs and the role of the teacher in the classroom, as
well as strategies for teacher education and links between: theory and practice,
resear ch and teaching and teacher education, collabor ative resear ch.

Chair: Leonor Santos (Portugal) José Carrillo, Spain; Alena Hospesova, Czech
Republic; Maha Abboud-Blanchard, France.

Group 11: Applications and modelling - Thisincludes theoretical and empirical-
based reflections on: the modelling process and necessary competencies,
adequate applications and modelling examples, epistemological and curricular
aspects, beliefs and attitudes, assessment and therole of technology.

Morten Blomhogj, Denmark (Chair); Susana Carreira, Portugal; Katja Maass,
Germany; Geoff Wake, United Kingdom.

Group 12: Advanced mathematical thinking - This includes conceptual
attainment, proof techniques, problem-solving, processes of abstraction, at the
upper secondary and tertiary educational level.

Roza Leikin, Isragl (Chair); Claire Cazes, France; Joanna Mamona-Downs, Greece;
Paul Vanderlind, Sweden.
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Group 13: Comparative Studies in Mathematics Education - It includes
questions surrounding mathematics teaching and learning in the classroom,
learners and teachers experiences and identities, and policy issues in different
culturesand/or countries.

Eva Jablonka, Sweden (Chair); Paul Andrews, United Kingdom; Birgit Pepin, United
kingdom; Pasi Reinikainen, Finland.

Group 14: Early Years Mathematics . This Working Group deals with the
research domain of mathematics learning and mathematics education in the
early years, age 3to 7- In the last decades the interest in thistopic hasincreased
immensely.

GOtz Krummheuer, Germany (Chair); Patti Barber, United Kingdom; Demetra Pitta-
Pantazi, Cyprus, Ewa Swoboda, Poland.

Group 15: Theory and research on therole of history in Mathematics Education
- The integration of history of mathematics in mathematics education is a
subject which hasreceived increasing attention during the last decades.

Chair: Fulvia Furinghetti , Italy (Chair); Jean-Luc Dorier, France; Uffe Thomas
Jankvist, Denmark; Costantinos Tzanakis, Greece.
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YERME - YOUNG ERME

YERME is an organization aiming at creating collaboration and mutual support
among young researchers of different countriesin the field of mathematics education.
The two main activities of YERME are:

1. YESS-YERME Summer Schools
The aims of the Summer Schools are:

e To let people from different countries meet and establish a friendly and
cooperative style of work in mathematics education research;

« To let people compare and integrate their preparation in mathematics
education research in a peer discussion climate with the help of highly
gualified and differently oriented experts;

« To let people present their research ideas, theoretical difficulties,
methodological problems, and preliminary research results, in order to get
suggestions (from other participants and experts) about possible
developments, different perspectives, etc. and open the way to possible
connections with nearby research projects and co-operation with researchers
in other countries.

YESS1 took place in Klagenfurt, Austria, 2002; YESS2 at Podebrady, Czech
Republic, 2004; YESS3 at Jyvaskyld, Finland, 2006 and YESS4 at Trabzon, Turkey,
2008.

YESSS5 will take place in Italy (August 2010). Ph.D., Master and post-graduate
students and other people entering Mathematics Education research are invited to
take part in Y ESS summer schools.

2. YERME day

The YERME-day takes place the day before CERME. The spirit is the same as
YESS. Young European researchers take part in Discussion Groups and Working
Groups. The topics of these groups are close to young researchers interests. This kind
of organization allows European students to meet and start to build links between
different countries. They aso have the opportunity to work with experts in the
research education field. The program of the YERME-Day 2009 (January, 27th and
28th) is available on the YERME Website http://yerme.eu .
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CERME 6 — PLENARY 1

Signs, gestures, meanings:
Algebraic thinking from a cultural semiotic perspective

LuisRadford, Université Laurentienne, Ontario, Canada
Reactor: Heinz Steinbring (Duisburg-Essen University)

Summary. In this presentation | will deal with the ontogenesis of algebraic thinking.
Drawing on a cultural semiotic perspective, informed by current anthropological and
embodied theories of knowing and learning, in the first part of my talk | will
comment on the shortcomings of traditional mental approaches to cognition. In tune
with contemporary research in neuroscience, cultural psychology, and semiotics, |
will contend that we are better off conceiving of thinking as a sensuous and sign-
mediated activity embodied in the corporeality of actions, gestures, and artifacts. In
the second part of my talk, | will argue that algebraic thinking can be characterized in
accordance with the semiotic means to which the students resort in order to express
and deal with algebraic generality. | will draw upon results obtained in the course of a
10-year longitudinal classroom research project to offer examples of students’ forms
of algebraic thinking. Two of the most elementary forms of algebraic thinking
identified in our research are characterized by their contextual and embodied nature;
they rely extensively upon rhythm and perceptual and deictic (linguistic and gestural)
mechanisms of meaning production. Furthermore, keeping in line with the situated
nature of the students' mathematical experience, signs here usually designate their
objects in an indexical manner. These elementary forms of algebraic thinking differ
from the traditional one—based on the standard al phanumeric symbolism—in that
the latter relies on sign distinctions of a morphological kind. Here signs cease to
designate objects in the usual indexical sense to give rise to symbolic processes of
recognition and manipulation governed by sign shape.

The aforementioned conception of thinking in general and the ensuing distinction of
forms of algebraic thinking shed some light on the kind of abstraction that is entailed
by the use of standard algebraic symbolism. They intimate some of the conceptual
shifts that the students have to make in order to gain fluency in a cultural
sophisticated form of mathematical thinking. Voice, gesture, and rhythm fade away.
Embodied and contextual ways of signifying are then replaced with a perceptual
activity where differences and similarities are a matter of morphology, and where
meaning becomes relational.
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SIGNS, GESTURES, MEANINGS:
ALGEBRAIC THINKING FROM A CULTURAL SEMIOTIC
PERSPECTIVE

Luis Radford
Université Laurentienne, Ontario, Canada
A la mémoire de Georges Glaeser
INTRODUCTION

To deal with algebraic thinking in a plenary session is a bit risky. Unavoidably, it conveys
the feeling of something d§a vu—something that has been said again and again. Indeed,
since the 1980s agebraic thinking has been one of the most researched areas in
mathematics education. And thisis so not by chance. Among the branches of mathematics
that students have to learn in school, there is none more frightening than algebra. Many
students in our teachers' training program at Laurentian University confess that everything
was going well until they met algebrain Junior High School. As they admit, suddenly they
found themselves in front of an abstract symbolic language, the meaning of which they
could not grasp—a kind of hieroglyphic language that, to their dismay, has become like
the Esperanto of modern sciences.

And it is the investigation of the students' legendary difficulties in understanding algebra
and the search for new ways to teach this subject that has kept many researchers busy for
the past three decades. The question, hence, is whether or not there is really something
new to say about algebraic thinking. It looks like there is not much left to be said about it.
This impression would only be strengthened if you were to do a Google search. We did
one at the end of November 2008, in our preparation for this talk, and our “agebraic
thinking” search returned almost 176,000 hits. However, as you go through the entries,
you realize that the content does not tell you much about algebraic thinking. The content is
rather about items usually included in school algebra curricula. The least that can be said is
that the term “algebraic thinking” has become a catch-all phrase. This may be a token of
the fact that to deal with algebraic thinking is not a ssimple matter. It supposes that you
have some sort of theory about thinking or at least a clear idea of what you mean by
thinking in general. Let us pause for amoment: What do you take “thinking” to mean?

As psychologists, philosophers, anthropologists and others are willing to acknowledge,
there is no simple and direct answer to this question. As odd as it may seem, thinking is
something that we continuously do. Thinking is as ubiquitous as breathing. Y et, we still do
not know how we think! Commenting on the elusiveness of thinking, Dan Rappaport said:
“The knowledge that thinking has conquered for humanity is vast, yet our knowledge of
thinking is scant. It might seem that thinking eludes its own searching eye.” (Rappaport,
1951; quoted in Benson, 1994, p. 13). Western idealist and rationalist epistemol ogies have
conveyed the idea that thinking is something immaterial, something purely mental,
bodiless. The influence of Plato’s epistemology on our understanding of thinking is
perhaps greater than we are usually aware (Radford, Edwards, Arzarello, 2009).
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In this article, | introduce a typology of forms of algebraic thinking based on their level of
generality. The typology rests on a theoretical approach that capitalizes on the results of
the 1990s agebra research agenda and supplements it by incorporating a semiotic
theoretical platform. Signs lose the representational and ancillary status with which they
are usually endowed in classical cognitive theories in order to become the material
counterpart of thought. This semiotic platform opens up new possibilities for
understanding algebraic signs and formulas in a nonconventional manner. Traditionally,
letters and signs for operations (like “+”, “x”, etc.) have been considered the algebraic
signs of school algebra. Alphanumeric symbolism has indeed been regarded as the
semiotic system of algebra par excellence. Y et, from a semiotic perspective, signs can also
be something very different. Words or gestures, for instance, are signs on their own —
semiotically speaking, they could be as genuine algebraic signs as letters. Of course, as |
will argue later in more detail, this does not mean that they are equivalent or that we can
simply substitute the ones for the others. What makes semiotic systems unique and
unsubstitutable is their mode of signifying. There are things that we can signify and intend
through certain signs, and things that we cannot. Try to put Pablo Neruda' s famous poem
“Cancion Desesperada’ [“Desperate Song”] in an algebraic formula, and you will see how
hopelessthetask is.

In the first part of this article, | argue that the mathematical situation at hand and the
embodied and other semiotic resources that are mobilized to tackle it in analytic ways
characterize the form and generality of the algebraic thinking that is thus elicited. My
claim is based not only on semiotic considerations but also on new theories of cognition
that stress the fundamental role of the context, the body and the senses in the way in which
we come to know. In the second part, | present some concrete examples through which the
typology of forms of algebraic thinking isillustrated.

THE 1990s ALGEBRA RESEARCH AGENDA

During the discussions held in the 1980s and 1990s, either in the PME Algebra Working
Groups or in other similar research meetings (Bednarz, Kieran, & Lee, 1996; Sutherland,
Rojano, Bell, & Lins, 2001), it was impossible to agree upon a minimal set of
characteristics of algebraic thinking. There was, however, amore or less general consensus
concerning two aspects. Algebra deals with objects of an indeterminate nature, such as
unknowns, variables, and parameters. Furthermore, in algebra, such objects are dealt with
in an analytic manner. What this meansis that in algebra, you calculate with indeterminate
quantities (i.e. you add, subtract, divide, etc. unknowns and parameters) as if you knew
them, as if they were specific numbers (see, e.g., Kieran 1989; 1990; Filloy & Rojano,
1984a, 1989; Cortes, Vergnaud, & Kavafian, 1990; for some epistemological analysis, see
Filloy & Rojano, 1984b; Puig, 2004; Radford & Puig, 2007; Serfati, 1999).

Of course, one way or another, algebraic objects have to be designated. The genera
tendency in the 1990s was to associate school algebra and algebraic thinking with the use
of letters. Even if at the time the idea was not universally shared (Linchevski, 1995;
Balacheff, 2001), it nonetheless prevailed and is still very strong in current research on the
teaching and learning of algebra. Although | do believe that it is impossible to practice
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abstract algebra (e.g., Galois Theory) without some sort of sophisticated notations, | do not
think that algebra and algebraic thinking can be reduced to the use of letters. As John
Mason pointed out some years ago, “the manipulation of symbols is only a small part of
what algebra is realy about” (1990, p. 5). Letters indeed have never been either a
necessary or a sufficient condition for thinking algebraically. For instance, in his Elements,
Euclid used letters without thinking algebraically. Conversely, Chinese and Babylonian
mathematicians thought algebraically without using letters (Radford, 2006).

What | am suggesting here is hence this: algebra is about dealing with indeterminacy in
analytic ways. But instead of giving aphanumeric symbolism the exclusive right to
designate and express indeterminacy | am claiming that there is a plurality of semiotic
forms to accomplish it. Thisis true of the practices of elementary algebra and of advanced
algebra aswell —even if in the latter, a phanumeric symbolism becomes more salient.

But before | go further, let me reassure you that my idea is not to challenge the power of
symbolic algebra. Rather, | am trying to convince you that it is worthwhile to entertain the
Idea that there are many semiotic ways (other than, and along with, the symbolic one) in
which to express the algebraic idea of unknown, variable, parameter, etc. | deem this point
important for mathematics education for the following reason. Ontogenetically speaking,
there is room for a large conceptual zone where students can start thinking algebraically
even if they are not yet resorting (or at least not to a great extent) to aphanumeric signs.
This zone, which we may term the zone of emergence of algebraic thinking, has remained
largely ignored, as aresult of our obsession with recognizing the algebraic in the symbolic
only.

SENSUOUS COGNITION

My claim about a diversity of semiotic forms for dealing with algebraic indeterminacy
rests on a perspective on thinking that is squarely at odds with the mental conception of
thinking that informed most of the 1990s research on mathematics education. Within this
mental conception of thinking signs were often considered “symptoms’ of mental activity
—hence the distinction between internal and external representations. Drawing on
Vygotskian psychology, from the semiotic-cultural perspective advocated here, the
question of the relationship between signs and thought is thematized in a different way.
First, signs are considered in a broad sense, as something encompassing written as well as
ora linguistic terms, mathematical symbols, gestures, etc. (Arzarello, 2006; Ernest, 2008;
Radford, 2002a). Second, signs are not considered as mere indicators of mental activity. In
contrast, signs are considered as constitutive parts of thinking. In more precise terms,
within this semiotic-cultural perspective, thinking is considered a sensuous and sign-
mediated reflective activity embodied in the corporeality of actions, gestures, and
artifacts.

The adjective sensuous refers to a conception of thinking that is inextricably related to the
role that the human senses play in it. Thinking is a versatile and sophisticated form of
sensuous action where the various senses collaborate in the course of a multi-sensorial
experience of the world (Radford, 2009a). This multi-sensory characteristic of cognition
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has been emphasized by philosophers like Arnold Gehlen (1988) and Maurice Merleau-
Ponty (1945) and at its heart is the idea of the important role that the body playsin the way
we come to conceptualize things. As Gallese and Lakoff recently contended,

the sensory-motor system not only provides structure to conceptual content, but also characterizes
the semantic content of concepts in terms of the way that we function with our bodiesin the
world (Gallese and Lakoff, 2005, pp. 455-456).

In tune with such views, some researchersin our field are paying attention to the embodied
nature of mathematical cognition. This is the case with Ferdinando Arzarello and the
Torino Team in Italy, Rafael Nufnez and Laurie Edwards in the USA, Michael Roth and
the CHAT group in Canada, the Uniban research team in Brazil, etc. To mention a brief
example, the Uniban research team in Brazil is investigating the role of gesturesin blind
children. Here gestures and tactility come to play a crucial role in understanding
mathematical concepts (Figure 1).

Of course, tactility and other sensorial mediated processes are also important in non-
impaired children. Ricardo Nemirovsky has suggested that instead of being mere mental
processes, understanding and imagination of mathematical concepts are literally embedded
In perceptuo-motor action: the “understanding of a mathematical concept spans diverse
perceptuo-motor activities’ (Nemirovsky, 2003, | -108), so that in this regard,
“understanding is ... interwoven with motor action” (Nemirovsky, 2003, 1-107).

Figure 1. Exploring area, from research conducted by
Solange Ali Fernandes and Lulu Heay with blind
children (Ali Fernandes, 2008).

However, thinking encompasses still much more than that. Thinking is an activity that,
although performed by an “1” and the “I’s body”, is ubiquitously drawing on culture’'s kit
of patterns of meaning-making as well as on historically constituted concepts of an ethical,
political, scientific, and aesthetic nature. Thinking is bound to the context and the culture
in which it takes place. Thisis why it is more accurate to say that thinking in general, and
algebraic thinking in particular, is a body-sign-tool mediated cognitive historical praxis.

LEARNING ASOBJECTIFICATION

From an educational perspective, the main question is. How do the students acquire
fluency in such cognitive cultural historical praxes? How do they become acquainted with
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the historically constituted forms of action, reflection and reasoning that those praxes
convey? Since mathematical forms of reasoning have been forged and refined through
centuries of cognitive activity, they are far from trivial for the students. It is the historical
density of such praxes, sedimented now in compact, systemic, and highly abstract
formulations, that is the basis of what Vygotsky intended with his famous distinction
between “quotidian” and “scientific’ concepts —regardless of how unfortunate
Vygotsky’s choice of terms was.

Reflective acquaintance with cognitive historical praxes and their concomitant forms of
action and reasoning is what learning consists of. And, as | submitted elsewhere (Radford,
2008a), it can be theorized as processes of objectification, that is, those socia processes
through which the students grasp the cultural logic with which the objects of knowledge
have been endowed and become conversant with the historically constituted forms of
action and thinking.

Working within this theoretical framework, where semiotics, culture and history are
driving principles, in recent years my collaborators and | have been busy in implementing
classroom holistic activities that can offer the students a possibility to reflect algebraically
and to get acquainted with some basic ideas of algebra in different contexts —equations,
pattern generalization and, recently, graph interpretation (Radford, 2000, 2002b, 2003,
2009a; 2009b; Radford, Bardini & Sabena, 2007). Our goal has been to try to understand
what | previoudly referred to as the zone of emergence of algebraic thinking and forms of
algebraic thinking elicited by our activities.

Let me pause this theoretical discussion here and turn now to some short examples that
come from our first longitudinal research project—a project that we conducted from 1998
to 2003 and during which we accompanied four classes of students as they went from
Grade 8 to Grade 12, i.e., until the completion of high school. The examples will, | hope,
give an idea of our approach and the kind of analysis we conducted.

SOME CLASSROOM RESULTS

The students’ first contact with algebraic symbolism occurred when they were in Grade 8.
In Grade 9 we decided to start with an activity that was intended as a means to revisit the
concepts learned in the previous year. In the introductory part of the activity, the students,
working in groups of three, had to draw Figure 4 and Figure 5 of the sequence shown in
Figure | and to find out the number of circlesin Figures 10 and 100". In the second part of
the activity, the students were asked to write a message to a student of another Grade 9
class indicating how to find out the number of circles in any figure (“figure quelconque”,
in the original French), and then to write an algebraic formula for the number of circlesin
Figuren.

Figures identified with Roman numbers (e.g., Figure I1) refer to objects in the article, whereas figures identified with Indo-
Arabic numbers (e.g., Figure 2) refer to elements of a pattern in the classroom activity given to the students.
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Figurel. The sequence of the introductory pattern generalization activity in Grade 9.
Factual Algebraic Thinking

Usually, the students start counting the number of circlesin Figures 1, 2, and 3, and realize
that, in sequences like the one shown in Figure |, the number of circles increases by the
same number each time. However, as the students quickly notice, this recursive
relationship between consecutive figures is not really a practical way to answer the
guestion about “big” figures, like Figure 100.

In one of the groups (formed by JJmmy, Dan, and Frank), working on the sequence shown
in Figure |, the students imagined the figures as divided into two rows:

1. Dan: (Referring to Figure 1) Well... (pointing to the top row) 2 on top; there, thereis 3
on the bottom...

2. Jdmmy: [Figure] 2, there are 3; [Figure] 3, there are 4.
3. Dan: wait a minute. Ok (he makes a series of gestures as he speaks; see four of the six
gesturesin Figurell), Figure 1, 2 on top. Figure 2, 3 on top. Figure 3, 4. Figure 4, 5.
4. Jmmy: Figure 10, it will be 11...
5. Dan: ... 11 ontop, and 12 on the bottom.
6. Jmmy: All thetime it will be one morein theair.
7. Frank: [Figure] 1007 101, 102...
8. Dan: 203.
“Figure 1 2 on top”
“Figure 2 3 on top”
Figurell. Dan makes a sequence of pointing gestures coordinated with wordsin afirst
process of objectification (reconstruction from the video data).

Asthe students' dialogue suggests, the generalization was accomplished in two steps.

In the first step (lines 1-3), the students conceived of the figures as divided into two lines,
and, drawing on perceptual observations made on the first three given figures, they were
able to objectify a regularity: a relationship between the number of the figure and the
number of circlesinitsrows.

Proceedings of CERME 6, January 28th-February 1st 2009, Lyon France © INRP 2010 <www.inrp.fr/editions/cerme6> XXXIX



PLENARY 1

The grasping of the regularity is not enough, however, to ensure the generalization. The
regularity has to be generalized. And this is what the students accomplished in the
following lines where they came up with aformulato find the number of circlesin Figures
10 and 100. Indeed:

= In lines 4 and 5 the observed regularity of perceptually available figures was
generalized to Figure 10, afigure that is not in the students' perceptual field.

» Line 6 contains a partial linguistic formulation of the general structure of the
figures, as perceived by the students: “All the time there will be one in the air”,
I.e., for al figures of the sequence, there is always one unmatched circle on the
bottom row.

= Inline 7, Frank resorted to the objectified pattern structure in order to calculate
the number of circlesin Figure 100.

The students are equipped now with a formula to answer guestions about Figure 1000,
Figure 1 000 000, or whatever particular figure you may have in mind.

Now, | am talking about a formula, yet there are no letters! That's true. The algebraic
formula consists, rather, in a piece of embodied action. We can call it —borrowing an
expression from Vergnaud (1996) and changing it slightly— an in-action-formula.

A “formula’ of this concrete form of algebraic thinking can better be understood as an
embodied predicate with a tacit variable: indeterminacy does not reach the level of
discourse. It is present through the appearance of some of its instances (“1”, “2”, 3", “4”,
“57, 107, “100”). It remains an empty space to be filled up by the eventual uttering of
particular terms. We call this type of situated and concrete form of algebraic thinking that
operates at the level of particular number or facts factual®.

Despite its apparently concrete nature, factual algebraic thinking is not a ssmple form of
mathematical reflection. On the contrary, it rests on highly evolved mechanisms of
perception and a sophisticated rhythmic coordination of gestures, words, and symbols. The
grasping of the regularity and the imagining of the figures in the course of the
generaization results from, and remains anchored in, a profound sensuous mediated
process— showing thereby the multi-modal nature of factual algebraic thinking?®.

L et us turn now to the second part of the Grade 9 activity.
Contextual Algebraic Thinking

In the introduction | suggested that the mathematical task at hand and the socia sign-
mediated processes of perception and generalization can inform us of the form and
generality of the algebraic thinking that is thus elicited. What kind of algebraic thinking
will now be generated? The task requires that the students go beyond particular figures and

2 The adjective factual stresses the idea that this generalization occurs within an elementary layer of
generality—one in which the universe of discourse does not go beyond particular figures, like Figure 1000,
Figure 3245, and so on.

% In our current research with Grade 2 students these mechanisms of rhythmic coordination are also present, but
they do not reach the subtle sensorial synchrony that we observe in older students as those reported here.
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deal with a new object: a general figure. Indeterminacy must now become part of explicit
discourse. Our guestion is: How will the students build the formula? In the absence of
gestures and rhythm, to which linguistic mechanisms will the students resort?

In fact, in being asked to write a message, the students were invited to enter into a deeper
level of objectification than the one of action and perception characteristic of factual
algebraic thinking. Writing makes one render explicit things that may have remained on
what neuropsychologists call the area of proto-attention, or what Husserl used to call the
horizon of intentions (Husserl, 1954).

In Grade 8, writing a message that involves this new object “genera figure” proved to be
very difficult. As we reported in previous work (see, e.g., Radford, 2000), the students
often used particular figures (like Figure 12) as examples to convey a generic idea or used
particular figures in a metaphorical sense to talk about the still unutterable generality
(Radford, 2002a). Sometimes the message was not complete. Here is an example: “You
add 1 [circle] on the top and 1 on the bottom.”

In Grade 9, the students felt much more comfortable with this level of generality. The
following message is paradigmatic of what the students wrote: "Y ou have to add one more
circle than the number of the figure in the top row, and add one more circle than the top
row to the one on the bottom."

Of course, this procedural sentence can be seen as a formula. But it is very different from
the one discussed in the previous section. Here, rhythm and gestures have been replaced
by key descriptive terms—*“top,” “bottom.” These terms are what linguists call spatial
deictics, that is to say, words with which we describe, in a contextual way, objects in
gpace. The indeterminate object variable is now explicitly mentioned through the term
“number of the figure.” However, although different from factual algebraic thinking both
in terms of the way indeterminacy is handled and the semiotic means which the students
think, the new form of algebraic thinking is still contextual and “perspectival” in that it is
based on a particular way of regarding something®. The agebraic formula is indeed a
description of the general term, as it was to be drawn or imagined. This is why we term
this form of algebraic thinking contextual. Here is another Grade 9 example: “# of the
figure + 1 for the top row and the # of the figure + 2 for the bottom. Add the two for the
total.”

Let us turn now to the last part of the Grade 9 activity.
Standard algebraic thinking

Expressing the formula in algebraic standard symbolism was much more difficult than
expressing it in words, both in Grades 8 and 9, athough, of course, there was some
progress from one year to the next. The results mentioned in the previous section shed
some light on the nature of these difficulties: previously, the students could resort to a
range of semiotic resources, like pointing and iconic gestures, deictics, adverbs, etc. Those

* It till supposes a spatially situated relationship between the individual and the object of knowledge that gives
sense to expressions like “top” and “bottom”.
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rich semiotic ressources do not have a place in the alphanumeric based algebraic formulas.
In short, there is a drastic change in the mode of designation of the objects of discourse.

How then to designate the number of circlesin afigure, in the highly condensed semiotic
system of alphanumeric signs? From an ontogenetic viewpoint, direct “translation” is not
something on which we can count, as we cannot count on direct transation from our
native language to a new one we are just starting to learn. Direct translation presupposes
that you already know the target language. In the case of the standard alphanumeric
algebraic language, the situation is even worse, as this language is not even “natural.” Our
standard algebraic language is artificial. Historical analysis shows that its construction was
preceded by a good deal of efforts that ended up in dead ends and failures (Hayrup, 2008;
Serfati, 2006).

In Grade 8, the students often resorted to particular examples. Thus, dealing with the
sequence shown in Figure [11, Dan and his group (in Grade 8, the group was formed by
Dan, Frank and Sara), illustrated the formula through the case of Figure 100:

1. Dan: You add 3 on top, and 1 at the bottom.

2. Sara That’'strueif you go by the [form of the] figure.

3. Dan: You add 3 ontop, and 1 at the bottom. Let’s say that n equals 100. It
would be 100... you add 1, it would be 101 [on the bottom row]...

4. Frank: (Interrupting) and 103 [on the top row].

OO0 COOOO COOCOOO
OO QOO OO QOO0

figure 1 figure 2 figure 3

Figurelll. One of the sequences the studentsinvestigated in
Grade 8.

In other cases, the students often resorted to formulas that, superficialy, look to be
algebraic, in particular because they contain letters. Thus, in the sequence shown in Figure
I, several students in Grade 8 produced the formula nx2+4. However, despite its
appearance, the formula is not algebraic. It was instead obtained by trial and error. Dan
and his group first tried nx2+1, then nx2+2, etc. until they obtained nx2+4, which
seemed to work in the few cases in which they tested it. This procedure is not based on an
analytic way of thinking about indeterminate quantities — the chief characteristic of
algebraic thinking. This procedure does not even reach the sophistication of pre-algebraic
arithmetic methods such as “false position.” It is rather a kind of arithmetic naive
induction”.

To counter these inductive arithmetic procedures, in the designing of the classroom
activity, we added a question in which the students were asked to provide aformulafor the

® | do not have the space here to go into the details of the delicate distinction between algebraic and arithmetic
formulas. For a detailed discussion, see (Radford, 2006, 2008).

Proceedings of CERME 6, January 28th-February 1st 2009, Lyon France © INRP 2010 <www.inrp.fr/editions/cerme6> XLl



PLENARY 1

number of circles on the top row of Figure n, followed by the question of finding a
formula for the total of circles in Figure n. Establishing a functional relationship between
the number of the figure and the number of circles on top of the figure proved very
difficult. Dan and his group suggested using two letters:

Dan: (Noticing that each figure has two more circles than the previous one) It's plus 2 [to obtain
the number of circles in the next figure], plus 2 [to obtain the number of circles in the next
figure], plus 2...Unless we put 2 letters... What we would do is ... the top row would be n, and
the top row would be like b. After that, youdon+ b + 2.

In this case, the letters n and b do not designate the number of circlesin the top and bottom
rows of Figure n. Actually, the number of the figure is not even taken into account. The
formula, rather, expresses a vague recursive relationship.

Another Grade 8 group suggested the “ cascading formula” shown in Figure V.

()
= L) ¥ A

FigurelV. A Grade 8 student’s formula using two letters.

The first line corresponds to the number of circles on the bottom row. The result is called
“w”. Thisis expressed in the second line, where it is aso said that you still have to add 2
to get the number of circles on the top row. This last number is called “Xx”, as indicated in
the third line of the formula. Finally, in the last line, the students are saying that you still
have to add the numbers represented by “w” and “x” to obtain the total of circlesin Figure
n. Not bad, although still abit far away from the standard way to write formulas within the
alphanumeric semiotic system of algebra. Not bad, even if the use of several letters and
their inter-connected meanings is not fully clear for the students. As one of the students
from this group said to the other two members, “Y ou mix me up with al your letters!”

The first example (Dan’s) is interesting in that it shows that, although these students were
able to produce an inductive formula that looked like an algebraic one (i.e., “nx2+4"), they
did not produce the expected algebraic formula “n+3” for the top row of Figure n —even
If the formula “nx2+4” seems much more complex. The complexity of the formulas cannot
be judged by the number of involved terms only; the complexity of the formula should
also be judged in terms of the mode of designation of the objects of discourse.

The second example is interesting in that it unveils some of the tremendous difficulties
that the students have to face when using letters to intend to say what they perfectly know
how to express in natural language. This problem is much more complex than a ssmple
trandation. As Glaeser remarked, the need to give an immediate meaning to every
intermediate result has to be refrained (1999, p. 154). Meaning, indeed, has to be put in
abeyance.
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In Grade 9 we still found some formulas that resembled the formulas produced in Grade 8.
But more typical of Grade 9 were the formulas shown in Figure V (these formulas
correspond to the sequence shown in Figure ).

/ ’ f,.f' R
(h+3) N+ \
Figure V. Left, the formula produced by Dan’s group in Ghrade
9. Right, avariant of it produced by another Grade 9 group.

Although much better than the formulas found in Grade 8, the signs in these formulas still
keep the embodied and perspectival experience of the objectification process. We easily
recognize in the term “n+1” the reference to the top row, as we recognize in the term
“n+2” the reference to the bottom row. In Dan’s group, for instance, this embodied manner
of symbolizing was made very clear:

1. Dan: No, no, well, it'sthat... n+ 1isthetop row...
2. Frank: (Interrupting) Yes, | know.
3. Dan : n + 2 isthe bottom row.

As is clear from Figure V, the students add brackets to carefully distinguish between the
rows. This is why, | want to suggest, the formula is an icon, a kind of geometric
description of the figure. In other terms, the formula is not an abstract symbolic
calculating artifact but rather a story that narrates, in a highly condensed manner, the
students' mathematical experience. In other words, the formulais anarrative. And it isthe
narrative dimension of the students' iconic formulas that very often makes it possible to
infer from the formula the sequence to which it corresponds (see figure VI).

That which previously was distinguished through pointing gestures and linguistic deictics
iIs now distinguished through the effect of signs and brackets. It is precisely this
“perspectival” nature of the formula that |eads many students to argue that brackets cannot
be removed. Otherwise, they argue, it would be impossible to know what the terms of the
formula mean. Yet, thisis precisely what constitutes the force of algebra—the detachment
from the context in order to signify things in an abstract way. The mode of designation has
to move to a different layer where signs borrow their meaning not from the things they
denote but from the relational way they mean within the context of other signs.

o & oo ode

Figure 1 Figure 2 Figure 3 Figure 4
Figure 1 Figure 2 Figure 3
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Figurel Figure?2 Figure 3

Figure VI. Formulas as narratives. Instead of decontextualized cal culations, the formulas
narrate the manner in which calculations have to be carried out in close relationship to the
geometry of the figures and position of their parts.

The narrative meaning of iconic symbolic formulas became even clearer when afifth class
was added to our project. As our project progressed, other teachers became interested in it
and, to the extent that we could, we included new classes. The fifth class regrouped Grade
8 students who were recognized as having difficulties in following the rhythm of “regular”
math classes. Dealing with the pattern shown in Figure VIl (left) one group of students
produced the formula shown in Figure V11 (right).

SN

e #E
Figure VII. Left, atoothpick sequence. Right, an algebraic symbolic formula
that includes its diagrammatic “ user guide” or mode d’ emploi.

The formula does not have the usual linear organization of standard algebraic formulas,
Rather, signs signify in a spatial manner: as the students explained to us, the top “R”
means that there are as many toothpicks on the top of the figure as the number of the
figure. The “R” placed on the bottom of the formula means that there are as many
toothpicks on the bottom of the figure as the number of the figure. The lateral “R” means
that there are as many vertical toothpicks on the top of the figure as the number of the
figure, but not really. There is an extra toothpick to be accounted for, placed at the right
end, signified by the lateral sign “1.” The “+” signs mean that you have to add all of those
things.

FROM ICONIC FORMULASTO SYMBOLIC ONES

One of the important didactic problems is to implement classroom activities that will allow
the students to endow their formulas with new abstract meanings. In more precise terms,
the problem is to transform the iconic meaning of formulas into something that no longer
designates concrete objects. For instance, the formula (n+1) + (n+2) mentioned previously
(Figure V), has to be seen in a new light. The narrative dimension of formulas has to
collapse (Radford, 2002c). The embodied meaning of the formulas does not disappear. It
rather gives rise to amore abstract one. Thus, in addition to signifying the sum of circlesin
the top and bottom rows, the terms of the formula have to be considered in relation to the
signs that they contain. Resemblances and differences—these key aspects of signification
in general (Radford, 2008b)— must no longer be exclusively based on spatial and
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contextual considerations (such as “top” and “bottom™). In the new form of signifying,
there is a shift in focus: attention has to be directed now to morphological differences, i.e.,
differencesin terms of letters versus numbers. In short, meaning must become relational.

The search for the pedagogical actions allowing the students to objectify this abstract form
of signifying became one of our goals, both from a theoretical and a practical viewpoint.
Our strategy was based on comparing and simplifying formulas. Here is an example that
deals with the sequence of squares shown in Figure VII.

The previous day, the students produced several formulas. At the beginning of the class,
the teacher asked for some examples. The students mentioned two, that were written as
r-3+1and (r+1) +r-2, wherer stands for the rank or number of the figure.

1.

2.

Teacher: | would like to compare these formulas and to see where they come
from. Brian, do you want to explain the first formulato us?

Brian: (Going to the blackboard). Ok, yesterday we saw that the first figure only
has 1 toothpick at the bottom (he points to the bottom of Figure 1 on the
blackboard) and the second figure, there were 2, third figure, there were 3. So, we
added the bottom and the top, and then we saw that, in the first term, there were 2
[vertical toothpicks] (points to the vertical toothpicks of Figure 1) and Figure 2
has 3 (points to the vertical toothpicks of Figure 2) therefore, it's aways [the rank
or number of the figure] plus 1. So we did the bottom plus the top plus the rank
plus 1. And then we saw that... Well, we discussed a lot, and we saw that ... it
was the rank, rank times 3 (points towards the first term of the formula) because
it has the bottom, the top and the vertical. There was, there was, plus[ong]...
Teacher: So you say that this (pointing to the bottom row of the first square and
colouring it with blue chalk; see Figure VIII, pic. 1) is one r; this is another r
(pointing to the top row of the first square and colouring it with blue chalk; see
pic. 2); and thisis the third r (pointing to the left vertical side of the first square
and colouring it with blue chalk; see pic. 3) and there remains another one
[toothpick] (pointing to the second vertical line of the first square; pic. 4). So,
(pointing to the formula) r times 3... | have three r here (pointing successively to
the coloured sides of the first square) plus another one in each term (pointing the
uncoloured right vertical side of the first square). (Then, the teacher repeated the
same set of sequence of pointing gestures on Figure 2, see Figure VIII, pics. 5-8).
This is the explanation of the formula. Now, Ron, would you please explain the
second formula?
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Figure VIII. Pictures 1-4 (top) show the teacher’ s effort to relate the terms of the
formula r -3+1 to the various parts of Figure 1. Pictures 5-8 (bottom) shows the
same effort but this time the focus is on Figure 2. The teachers makes apparent for
the students the new way of signifying through a subtle coordination of gestures,
words, drawings and coloured segments.

Ron went to the blackboard and explained the various elements of (r +1) +r-2. After that,
the teacher encouraged a discussion about the formulas. Sandra—a student sitting at the
end of the classroom— argued that both equations work but the first one was simpler. The
teacher summarized the difference as follows:

1. Teacher: the difference is that here (pointing to the formula r -3+ 1) we put together the

terms that were the same and we simplified. Since | am calculating the total number of
toothpicks, | can put al together (while talking, she emphasized the words “ same’,
“simplified” and “total”). It is exactly this that the first formula does. (Smiling to the
class, she says) | think that you are ready for the next activity.

The previous formula r-3+1 looks much like Dan’s formula nx2+4 discussed earlier.

Y et, the difference is considerable. Brian’s formula was not produced by trial and error. It
was the result of an algebraic generalizing process where genera functional relationships
were first identified (e.g., the number of toothpicks on top vis-a-vis the rank or number of
the figure), then smplified. As Brian put it, “... it was the rank, rank times 3 because it
has the bottom, the top and the vertical.” The teacher capitalized on Brian's idea and,
through a feast of clear and consecutive gestures that echoed Brian's timid gestures,
coloured parts of the first two figures to make clear for all the students the relationship
between the spatial-geometric parts of the terms and their corresponding rank (Figure V111,
pic. 1-8). After showing each one of the tree r on Figure 1, she linked the first part of the
formula (r -3) to the three parts she had just coloured. She said: “r times 3... | have threer
here,” followed by the crucial remark that there is still “another one in each term” (which
corresponds to the constant term of the formula). Her coordinated gestures and words
related very well the spatial elements of the figures with the corresponding parts of the
formula. The idea of putting together the toothpicks on the bottom, the top and the vertical
ones, led to adding the number of the figure several times.
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That day, after the general discussion, the students dealt with a sequence of houses (Figure
| X). The students identified the relationship between clue elements of the figures and their
rank or number:

1. Raymond: the number of toothpicks in the roof is twice the number of the figure. For
the walls [which included the floor], it is twice, and another wall ...

2. Joyce: (Interrupting) to close the space...

3. Raymond: So, the formulaisrank times 4 plus 1.

Figure I X. Left, atoothpick sequence of houses. Right, one of the students’ formulas.

In so doing, the students entered into a new form of algebraic understanding and moved
into a deep region of the zone of emergence of algebraic thinking. They moved from a
referential understanding of signs (signs as referring to particular objects, like the number
of toothpicks in the roof) to a morphological one —the beginning perhaps of what Kieran
(1990) Kirshner (2001), Hoch & Dreyfus (2006) and others have called the structural
dimension of algebra.

It is clear that the symbolic formulais no longer just iconic. Iconicity is still present, but it
has receded to make room for a more concise and abstract form of signification. Naturally,
the students have yet to undergo a supplementary lengthy process of objectification to
become fluent with the modern form of symbolic algebraic thinking, where symbolic
calculations are carried out through formal considerations only. For this to occur, new
objects like x* and x*+x will have to enter the universe of discourse and acquire a
detached existence. It is not vain to recall here that this process was not easily achieved in
the history of algebra. Thus, to distinguish magnitudes, Vieta—one of the founders of our
modern a gebraic symbolism—was still in the 16™ century talking about “length”, “plane”,
“solid”, etc.. Our modern way of referring to the now abstract monomials of algebra still
reminds us of their embedded concrete beginnings. Indeed, monomials such as x* or x°
read as “x square’, “x cube’. Our modern language hangs behind the relics of its past
revealing thereby the monomials’ original geometric-spatial origin.

Synthesisand Concluding Remarks

In this article, drawing on recent conceptions of thinking offered by anthropology,
semiotics and neurosciences, | suggested that thinking is a complex form of reflection
mediated by the senses, the body, signs and artifacts. In this view, thinking is not a kind of
Cartesian mental activity monitored by a homunculus residing somewhere in a black box
of ideas and representations. As the Russian philosopher Elvald Ilyekov put it, “ Thinking
Is not the product of an action but the action itself” (Ilyenkov, 1977, p. 35). To a large
extent, thinking is indeed a material process. But thinking is also more than the processes
that a sensing body can produce. Thinking is something that is intrinsically historical and
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cultural, and the proof is that had we happened to live in Babylonian times, we would
have found ourselves with body and brain structures and anatomies indistinguishable from
the ones we have today. Y et, we would have been thinking mathematically, aesthetically,
politically, etc. in a very different way. It is this distinctive historical and cultura trait of
thinking that | want to convey when | say that thinking in general and algebraic thinking in
particular is a body-sign-tool mediated cultural historical praxis.

The historical nature of cultural praxes has, as a corollary, the non-transparency of the
forms of action, reflection and reasoning they convey. To become fluent in those praxes,
we have to undergo lengthy processes of objectification. The creation of the conditions for
those processes to occur is an educationa problem. In the approach expounded here, the
basic premise is that algebraic thinking cannot be confined to activities mediated by the
standard aphanumeric semiotic system of algebra. From a semiotic viewpoint, there are
several ways in which to analyticaly reason through, and to reason on, indeterminate
quantities. More importantly, the mathematical situation and the semiotic resources that
are mobilized to tackle it in analytic ways characterize the form and generality of the
algebraic thinking that is thus elicited. Focusing on the context of pattern generalization, |
suggested a classification of three forms of algebraic thinking —factual, contextual, and
symbolic. As with most classifications, the borders of those categories are not necessarily
well defined. Furthermore, those forms of thinking do not necessarily exclude each other.
A student, for instance, can very well combine factual and symbolic forms of thinking.
The typology is rather an attempt at understanding the processes that the students undergo
in their contact with the forms of action, reflection and reasoning conveyed by the
historically constituted praxis of school algebra.

The classroom data presented here offers a glimpse of the ontogenetic journey of our
students on their route to algebraic thinking. It stresses some of the challenges that they
had to overcome when passing from factual to contextual to symbolic thinking. It stresses
in particular the changes to be accomplished in modes of signification. While in factual
thinking, indeterminacy remains implicit and gestures, words, and rhythm constitute the
semiotic substance of the students in-action-formulas, in contextual algebraic thinking
indeterminacy becomes an explicit object of discourse. Gestures and rhythm are replaced
by linguistic deictics, adverbs, etc. Formulas are expressed in a perceptual and
“perspectival” manner based on key terms like “top”, “bottom”, etc. Formulas, in short,
are based on a particular way of seeing the sequence at hand.

Our discussion about symbolic agebraic thinking sheds some light on the meaning with
which the students endow their first alphanumeric formulas. Instead of being an abstract
calculating device, formulas often appear as vivid narratives. They are icons in that they
offer a kind of spatial description of the figure and the actions to be carried out. What |
caled the “collapse of narratives’ appears as an important step towards more
encompassing ways of algebraic signification. The constitution of meaning after such a
collapse deserves more research (see aso Barallobres, 2007). While Russell (1976)
considered the formal manipulations of signs as empty descriptions of reality, Husserl
stressed the fact that such a manipulation of signs requires a shift of intention: the focus
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becomes the signs themselves, but not as signs per se. And he insisted that the abstract
manipulation of signs is supported by new meanings arising from rules resembling the
rules of a game (Husserl 1970), which led him to talk about signs having a game
signification.

The classroom example discussed in the last section shows how the teacher, through a
complex coordination of gestures, alphanumeric formulas, and words, capitalized on the
formula of one of the groups to make apparent for the whole class the idea of
simplification of formulas. It was a first step, and certainly an important one in the
students' ontogenetic journey.

Although I limited my account to the first two years of the 5-year journey, | hope that such
an account is enough to get an idea of the students struggles and progresses towards
increasingly more encompassing forms of algebraic thinking.
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CERME 6 — PLENARY 2
Mathematics education as a network of social practices

Paola Valero, Aaborg University, Denmark.
Reactor: Margarida Alexandra da Piedade Silva Cesar (Lisbon University)

Summary. Based on an analysis of mathematics education research as an academic
field and on current social, political and economic transformations in many European
countries, | would argue for the need to rethink and enlarge definitions and views of
mathematics education as a scientific field of study in order to provide better
understandings and alternatives for practice in the teaching and learning of
mathematics today. | will explore the notion of the “network of mathematics
education practices’ as a complex, multi-layered space of socia practice where the
meanings of the teaching and learning of mathematics are constituted. | will illustrate
the potentiality of this notion to envision possible research paths in the field. | will
illustrate these with the research that my colleagues and | have been carrying on
multicultural classroomsin Denmark; as well as will offer examples of other research
studies in Europe and other parts of the world where | see that the discipline is
gaining newer insights that could alow attending to the social changes and
challenges of the 21% century.
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MATHEMATICSEDUCATIONAS
A NETWORK OF SOCIAL PRACTICES

Paola Valero
Aalborg University

As academic fields advance, reflexivity on its own results and processes becomes a
centre of attention and of disciplined inquiry. The growing amount of published
papers and conference activities considering mathematics education, its theories,
methods and results exemplify the need researchers have to make sense of the
practice in which they are involved. Such type of reflexivity has always been a
central part of my interest, probably due to the fact that my background in the social
sciences has led me to constantly formulate questions about the type of insights on
educational practices that mathematics education research offers in relation to the
realities of schools and mathematics classrooms. Developing awareness on the
research perspective that | adopt has, therefore, been as central to me as generating
particular understandings and interpretations of the practices of teaching and learning
in mathematics classrooms.

In this paper | focus on the issue of how to conceive of mathematics education as a
field of research. Thisimplies, on the one hand, examining definitions of the field as
they appear in existing literature, and, on the other hand, articulating aternative
views and languages to talk about the field. My intention is to provide a ground for
discussing the research practices in which we engage and to which we devote a great
deal of our effort and commitment. In my examination of this issue, | will contend
that in the historical development of what we may identify as the field of
mathematics education research, particular dominant definitions about the field of
educational practices of mathematics teaching and learning have emerged. Such
definitions of the educational practices have defined what the legitimate objects of
study of the field of research are, and with that encompassing theories and
methodologies to research the field of educational practices. As research advances,
however, the definition of the field of research emerging from research practices is
being pushed to its limits. | argue that the time has come to open possibilities of
defining both research practices and educational practices in a way that allows
tackling in serious, rigorous and systematic ways the social, cultural and political
complexity of mathematics education in our contemporary societies. Opening the
scope of the field does not represent a threat to the identity of the field, but rather an
opportunity to engage with the enormous challenges that mathematics education
practices pose to al their participants.

| start by a conceptual clarification of the language that | choose to address this issue,
which entails a presentation of the underpinning ideas of my theoretical perspective. |
clarify the notions of mathematics education as afield of educational practices and as
afield of research practices. The distinction is useful in addressing the way in which
these realms constitute each other, and of how different meanings have been ascribed
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to them particularly from the second half of the 20" century when the international
field of mathematics education research has been more visible and identifiable. | then
move to argue that dominant definitions of the field of research and its corresponding
views of its object of study are insufficient in tackling in a comprehensive manner the
impact of larger contextual factors on the teaching and learning of mathematics.
While research results continue to point to the influence of the “context” on actual
possibilities to an effective improvement of the teaching and learning of mathematics,
the field of research misses the development of scientific strategies to deal with both
the understanding of those influences and the devising of strategies to deal with them
In practice. As a response to this shortcoming, | play with the idea of defining
mathematics education as a field of research which studies the complexities of the
network of mathematics education practices. | define three different types of research
moves or strategies that are necessary to degpening the understanding of the practices
of teaching and learning of mathematics. | finalize by exemplifying these research
moves with projects carried out by a growing number of mathematics educators
around the world.

ANALYSING THE FIELD THROUGH ITSDISCOURSES

The increasing attention given to reflexivity in mathematics education research
invites to discussions of how and why theories, methods and discourses in research
are simultaneoudly constructed and get reproduced. In his paper during the ICMI
study on what is mathematics education and what are its results, Ernest (1998) had
identified the need for mathematics education research to address not only the
primary objects of the field (the practices of teaching and learning mathematics), but
also the secondary objects of the field (i.e., the products and processes of research
practices). The growing emphasis on the effects of language and its connection to
practices within the social sciences —known as the social turn— has influenced the
way mathematics education researchers think about the field. Thus, it appears
Increasingly important to pay attention to the discourses that mathematics education
research constructs about itself and the contributions and limitations of these
constructions. By discourses here | understand the ways of naming and phrasing the
ideas, values and norms that emerge from the constant and complex interactions
among human beings while engaged in social practices. Researchers in academic
fields construct particular discourses about their objects of study and their overal
activity. Such discourses constitute systems of reason that regulate what is possible to
think and do in a given field (Popkewitz, 2004). Thus, discourses generate both a
space of possibilities as well as of limitations of what we can imagine as alternatives
to existing orders.

Mathematics education as a field of research is not an exception. As researchers
engage in studying the field, they not only define what characterizes legitimate
practices of mathematics education. They also define the waysin whichitisvalid and
legitimate to research those practices. | have elsewhere engaged in examinations of
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the discourses generated in and by the field of mathematics education research, such
as the idea of mathematics education being “powerful” (Christensen et al., 2008), the
conceptions of students as mathematics learners (Vaero, 2004a), and the concept of
learners’ identity in mathematics (Stentoft & Vaero, in press). In this paper | turn to
the discourses of the field about itself. My analysisis based on a study of a variety of
texts addressing mathematics education research as a field of study, such as, for
example, the work of Jeremy Kilpatrick (e.g., 1992, 2006, 2008; Silver & Kilpatrick,
1994), books addressing the issue (e.g., Menghini, Furinghetti, Giacardi, & Arzarello,
2008; Sierpinska & Kilpatrick, 1998) and recent handbooks (e.g., English, 2008;
Lester, 2007). Drawing on elements of critical discourse analysis (Fairclough, 1995),
| focus on the dominant ways of talking that emerge from the texts as they address
what mathematics education practices and mathematics education research are about.
The references in my analysis serve as illustrations of the characteristics of the
discourses that | am identifying.

EXAMINING “MATHEMATICSEDUCATION”

The use of the term “mathematics education” in English is ambiguous. Among
others, Ernest (1998, p. 72) has argued that the term refers to “both a practice (or
rather a set of practices) and a field of knowledge’. The term names the set of
practices of mathematical teaching and learning, carried out mainly by practicing
teachers and students, in a variety of forma and informa contexts, and where
mathematical thinking and communication occurs. The term also refers to the set of
practices, carried out mainly by researchers hired at colleges of education and
universities, that study teaching and learning practices. A first thing to notice about
the two meanings is that each one of them is addressing a field of practice. The
former refers to the field of educational practices; the latter refers to the field of
research practices. As fields of practice, each one of them has particular embodied,
routinized activities, artifacts, ideas, values and forms of communication. They are
distinct practices, though with intersections of practitioners (most often than not,
researchers are themselves teachers and teachers are also researchers), interests,
concerns and discourses. However, the two fields of practice are not identical. It is
not my intention to go deeper into the characterization of these two fields of practice
here. Suffice to say that their separateness or connection is a matter of concern for
many practitioners located in each one of the fields (e.g., Ruthven & Goodchild,
2008; Sfard, 2005).

My intention with distinguishing the two fields here has to do with the relationship
between the two, not in terms of how the field of research practice should illuminate
and improve the field of educationa practice; but rather in terms of how the
definitions constructed for each of them are mutually constitutive. Let me explain,
starting with a basic assumption. A theoretical perspective and an object of study are
mutually constituted. It is not possible to talk about an object of study without a set of
assumptions and language that recognizes and phrases a happening or a social event,
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and makes it focus of attention. If this is the case, then we can think about the
relationship between what is taken to be mathematics education as a field of
educational practice and mathematics education as a field of research practice. My
contention here is that through the development of the field of research practice,
definitions of the field of educational practice have emerged.

Looking back at the history of the field of research practice through a general study
of the different trends that have emerged in literature, as well as an examination of
texts addressing the history of mathematics education research, there seems to
emerge a common narrative about the origins of research. The interest of
mathematicians and educators engaged in the teaching of the subject at different
levels, particularly in relationship to teacher education, was a seed for paying
systematic attention to mathematics in a learning and teaching environment
(Kilpatrick, 2006). “The problems of practice’ that is, the set of concerns for the
predicaments of teachers' instruction and students' learning of mathematical topics,
as formulated by Silver and Herbst (2007), have become the cornerstone of the
research endeavor. The problems of practice have become the natural object of study
of the field of research. They have also determined the ultimate goal of research,
which is contributing to the improvement of practice. Many people defend these ideas
as the essence of mathematics education research; the ideas are a central part of how
many researchers define the object and aims of study (e.g., Hart, 1998). These ideas
are seen by many in opposition to the idea that mathematics education research is
growing as an academic field in itself, with a theoretical and methodological
development that not a'ways connects so closely with teaching and learning practices.
There are also many scholars who acknowledge and actually try to understand not
only the findings, but also the theoretical, methodological constructions of the field
(e.g., Silver & Herbst, 2007). Of course, this debate is also fuelled by different
agendas outside the field of study and the field of practice of mathematics education,
such as the growing political demand for accountability of research funds and the
focus on educational research to be the basis for evidence-based practice.

Independently on which side personal intentions and commitments are, two points are
evident here. First, there is nothing “natural” in the definitions given to the field of
research practice. The discursive construction of the object of study and the aims of
research in the field correspond with the practices of researchers both in national and
international communities. We actually need to denaturalize what seems to be taken
for granted in the way we researchers, collectively and as individuals, talk about the
field and engage with the field. Following from this, the second point is that
definitions of the field of study entail definitions of the educational practices that
research studies. Thisimpliesthat it is not possible to assume complete independence
between the social practices of teaching and learning of mathematics, from the social
practices of researching them. The discourses of the field of study construe
frameworks for thinking, conceiving and therefore actualy engaging in the
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educational practices (Popkewitz, 2004). The fields are distinct but discursively
related.

Digging deeper into how the educational practices are being defined by the research
practices, it is evident that definitions are historical and also situated in particular
geographical settings. They are also contingent upon theories adopted to account for
the problems of practice. A proper account of the complexity of the definitions
exceeds the scope of this paper. Nevertheless, | will point to some salient features of
the way research has been defined in general international terms. Although for many
researchers the history of mathematics education research is short —in relation to the
history of, say, mathematics— it is possible to find shifts in the ways of phrasing the
focus of both educational and research practices. Looking at the 100-year long history
of the International Commission of Mathematical Instruction (ICMI) as one
international organization that has had an important role to play in promoting
mathematics education research, the initial focus of the meetings, discussions and
concerns of interest in the educationa practices was the mathematical content. In
what Bass (2008) has named ICMI's “Klein Era’, at the beginning of the 20"
century, attention was paid to issues of content and little distinction existed in fact
between the gatherings of ICMI and the general meetings of the International
Mathematical Union, except for the fact that the mathematical topics addressed in
ICMI were more elemental mathematics. Such observation resonates with
Kilpatrick’s assertion that the work of the first mathematics educators at the end of
the 18" and beginning of the 19" centuries had a strong focus on the mathematical
contents, although few other topics were present as well such as the history of
mathematics and teaching experiments (Kilpatrick, 2006). A graphic representation
of the field of educational/research practice in thistime could look like this:

M
T ——— L
Figure 1: Mathematics at the centre of thefield of practice and research

The linkage to psychology as a support discipline has been important in the
construction of an empirical investigative approach towards the problems of practice.
With the strengthening of parts of psychology as an experimental science and with
mathematics education becoming a field in universities, mathematics education
research found theoretical and methodological approaches to the inquiry of teaching
and learning problems in mathematics (Lerman, 2000). The influence of the
European didactic traditions have also played a major role in defining that the focus
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of research is placed in the didactic triad constituted by the relationships between
mathematics, the teacher and the student. As the 20™ century advanced and more
research work in the area was produced, explorations of the didactic triad had been
focused on each of its elements, on the relationships among them, and on the whole
complexity at stake in it. Combined with a variety of theoretical approaches to deal
with the specificities of each of the elements, the didactic triad has been a basic but
powerful model behind a great deal of research in the field. Saying that the didactic
triad has been a model behind research in mathematics education does not intend to
overssmplify and dismiss the advances of the field in understanding the complexity of
the relations at the interior of the triad. There are numerous examples of particular
models that have shown such complexity (e.g., Balacheff & Kaput, 1996, for the case
of the role of technology in mathematics learning).

SN
T L

Figure 2: Thedidactic triad at the centre of the field of practice and resear ch

There are several points to notice in the research and discussions about the field of
research adopting this model. A first issue is the issue of the mathematical specificity.
Mathematics education research is defined as the discipline studying “the practice of
mathematics teaching and learning at all levels in (and outside) the educational
system in which it is embedded” (Sierpinska & Kilpatrick, 1998, p. 29). In thisfield,
“[...] mathematics and its specificities are inherent in the research questions from the
outset. One is looking at mathematics learning and one cannot ask these questions
outside of mathematics.” (p. 26). Questions, problems, theories and methods not
allowing for mathematical specificity tend to be considered irrelevant, and out of the
scope of mathematics education research. Second, there also seems to be an
underlying assumption about the decontextualization of the triad. The objects of
research tend to be presented in terms of students learning of concepts (and most
often students' misunderstanding of them), and teachers' instruction of mathematical
concepts. They are text, the content, the centre. The con-text, that surrounding
accompanying and constituting the text, does not fall inside the research gaze.
Therefore, except for a brief mention to the characteristics of the people involved in a
study, no more grounding and information is available about the context of a given
phenomenon studied. If some context is mentioned, it is not taken significantly as
part of the analysis. The assumption of decontextualization goes also hand in hand
with the assumption of closure of the didactic triad. This means that research
problems are both formulated within and accounted for in the didactic triad. The
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practices of teaching and learning are somehow self-contained and self-explanatory.
There are plenty of examples to find in research on geometrical thinking,
argumentation and proof, etc. A review of, for example, the CERME proceedings on
these topics will clearly show this tendency.

As some researchers have started to consider classrooms dynamics, the classroom has
appeared as a clear boundary around the triad, a clear, manageable context. One
example of research contributing to the strong emergence of the classroom is the
work of Cobb and collaborators during the 1990's which lead to the notion of the
socio-mathematical norms (e.g., Cobb, Wood, & Yackel, 1992) which explained
students' learning possibilities in terms of the continued interactions happening in the
instructional practices in classrooms. In the case of Cobb and collaborators, the move
from a social constructivist theory of learning to address mathematics education, to a
socio-cultural theory of learning was one of the reasons for an enlarged
understanding of the role of the social dynamics of the classroom in relation to
individual learning. This seems to have been the case for many other researchers who
started to focus on the situatedness of teaching and learning practices in classrooms
and schools (e.g., Boaler, 1997).

Classroom

Figure 3: Thedidactic triad within the boundaries of the classroom

Lerman (2000, 2006) has argued that researchers in mathematics education,
influenced by the language turn in the social sciences, have adopted a variety of
sociological and cultural-anthropological theories for the study of the teaching and
learning of mathematics. The strong social turn in the field has meant the recognition
of the embeddedness of mathematical thinking, learning and teaching in larger social,
cultural, economic and political structures. Research with a concern for equitable
access to mathematics is an example of how such recognition has been fundamental
in the generation of new research areas. In many cases, there is an attempt to stick to
the formulation of problems within the didactic triad, though, from a different
theoretical position. For example, part™ of the work of Radford concerning semiotic,

Yinfew of his papers, Radford shows a broader analysis of the relation of mathematics and culture.
For example, Radford and Empey (2007) present a study of social and mathematical practices
outside the didactic triad. They show that “within a certain historical time period, mathematics—in
itsamplest sense|[...] accounts for the formation of new social sensibilities —both in terms of
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embodied interpretations of students mathematical thinking give a cultural
dimension to the issues of the didactic triad and show a connectedness of children’s
thinking and school practices with other forms of practices outside schools and
classrooms (Radford, 2008). In generdl, it is interesting to notice that, despite the
adoption of theoretical frameworks that have an understanding of the social and
cultural that goes beyond the limited understanding of “social” in terms of interaction
among people present in interactionist theories associated with constructivism, the
focus of attention of research remains being the classroom and, within it, the didactic
triad.

Some other types of research have aso challenged the idea that the privileged site for
research is the classroom. If mathematical thinking is a social and cultural activity it
happens in other social spaces different from classrooms. The classical example of
this broadening is the research by Nunes and collaborators (Nunes, Carraher, &
Schliemann, 1993) which opened the space for investigations of the relationships
between mathematics in school and out of school. The extensive research belonging
to the ethnomathematical program has also explored mathematical practices in
working and everyday life settings. Already at the beginning of the 1990's Gomez,
Perry and collaborators (e.g., Gomez & Perry, 1996; Perry, Valero, Castro, Gomez, &
Agudelo, 1998) had studied mathematics teachers change and professional
development within the complexity of the school organization. Such trend has aso
been explored by Cobb and collaborators (e.g., Cobb, McClain, Silva Lamberg, &
Dean, 2003) in an attempt to connect classroom communities with their immediate
organizational contexts. More recently attention has been paid to the school
mathematical experiences of parents in relation to the school mathematics practices
of students when coming to new countries and cultures (Civil, 2007). In generdl,
there has been a growth in research that documents the relationship between factors
outside of the classroom (in the context) and the state of affairs inside the classroom,
in the didactic triad.

Classroom

Parents M
Context
Labor market / \

School
organisation

Figure4: Thedidactic triad in a context

capacities to create new forms of understanding and novel forms of subjectivity” (p. 232).
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In other words, the welcoming of socio-cultural theories to deal with the problems of
practice has helped considering the context of those problems as a significant part of
them. With such move the interpretations and understandings of the terms
“mathematics’ “teaching”, “learning”, and “thinking” are broadened and new
phenomena, interactions and practices where mathematical elements are present start
being included as legitimate objects of study. As an evidence of thiswe could look at
different studies classifying the research published in different international journals
and conference proceedings. All these studies assume that certain international
journals actually represent the production in the field at any given time. Gomez
(2000) argues that “ mathematics education research production is centred mainly on
cognitive problems and phenomena; that it has other minor areas of interest; and that
it shows very little production on those themes related to the practices that influence
somehow the teaching and learning of mathematics from the institutional or national
point of view” (p. 2-3). In areview of literature focusing on how research addresses
the significance of students social class for the learning of mathematics, Chassapis
(2002) also argues that little and almost insignificant attention has been paid in 30
years of research production to the issue of who are the mathematics learners and
how the learners background influences mathematical learning. This lack of
attention contributes to a lack of comprehension about the social, political and
cultural complexity of mathematics education and the factorsinvolved in it. Lerman,
Tsatsaroni and Xu (2006; 2002) have also produced an overview of the theories used
In mathematics education research in the period 1990-2001. Their data shows that
although socio-cultural theories of different types had been more used in the field, the
majority of theories used in published papers are traditional psychological and
mathematical theories focusing on the learners, the mathematics and the teachers.
Skovsmose and Valero (2008) have also classified publications with the purpose of
showing how the field gives different meanings to the term “democratic access to
powerful mathematical ideas’. The concentration of research on mathematical and
psychological interpretations, focusing on the study of classroom practices led them
to conclude that “it is highly problematic that dominant research trendsin
mathematics education operate within a limited scope of the space of investigating
democratic access to powerful mathematical ideas. Such a paradigmatic limitation
effectively obstructs the possibilities for mathematics education to face the paradoxes
of the informational society”. Time has passed and, as Lerman and collaborators
show, the adoption of socio-cultural theories enlarges and thereby a sensitivity to
define research objects outside the didactic triad emerges. However, the mgority of
research published defines problems that deal with the central elements of the
didactic triad, and from theoretical perspectives focused on mathematical cognition.
A recent overview for the papers published in ESM, JRME, MERJ, FLM, ZDM and
PME proceedings during the year of 2007* confirms the previous findings: 25% of

2| thank Alexandre Pais for his support doing this overview.
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papers choose as a focus a mathematical notion in learning or teaching; 29% of the
papers address issues of teachers dealing with mathematical contents and 31%
choose the learners understanding or thinking of mathematical notions. The issue
remaining is how does the field of research practice address the complexity of the
field of educational practice beyond the didactic triad?

OPENING UP THE CONTEXT OF THE DIDACTIC TRIAD

Although the research gaze of the field of research practices seems to be enlarged,
still many researchers express a concern with the issue of dealing with the “context”.
Let us see at thisin a more detailed way. In the first place it is important to discuss
the notion of context and how the field of research defines and addresses it. In the
section above | shortly defined context as the surroundings of an object —the “con”
accompanying a “text”. As | argued before, research approaches focusing on the
didactic triad tend to ignore context, since the focus of research is the “text”. In the
type of research focusing on learning and thinking mathematically within the didactic
triad, some understandings of “context” are present, although in the form of the
context of the mathematical contents, problems or ideas that students and/or teachers
deal with. Thisiswhat Wedege (1999, p. 206) calls the task-context.

| also argued that socio-cultural theories in mathematics education have opened for
considerations of the factors that affect a classroom situation. A situation-context,
following Wedege' s formulations above has been evident in research literature, i.e.,
in research addressing the immediate context of teaching and learning in the
classroom. But | also argued that context can be much more than the walls of the
classroom. Concerning the conceptualizations of the notion of context in socio-
cultural theories, Abreu (2000) has discussed how different socio-cultural theoretical
trends conceptualize context, and which implications such conceptualizations have
for the study of mathematical thinking and learning. On the one hand, one can
consider the micro-social and cultural contexts of mathematics teaching and learning
by focusing on “the immediate interactional setting where face-to-face interactions
take place” (p. 2). On the other hand, one could focus on the macro-social and
cultural contexts which are the “non-immediate interactional settings loosely defined
by other authors as ‘the broader socio-cultural systems’ [...] or ‘broader sociocultural
milieu’” (p. 2), which frame mathematical activity in any particular interactional
setting. The interesting research endeavor, however, is how theories connect micro
and macro contexts in a search for relationships between how individuals make sense
of mathematical ideas in the complex field of activity within larger symbolic systems.
For Abreu, the issue of the micro-macro relationship is not only a matter of how
particular interactions with certain cultural tools mediate thinking, but also of how
social vaorizations of knowledge mediate individua positioning towards that
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knowledge in the creation of personal identities’. From these perspectives, context is
not just like the “the bow! that contains the soup” or the “surroundings of atext”, but
rather a constitutive element of the text itself. Text and context are dynamic; and they
are dialectically constituted (McDermott, 1996).

In the discussion by Abreu (2000), the distinction between micro and macro context
opens up for a reflection on where, on the continuum between agent and structure,
mathematics education research tends to focus its research gaze. If mathematics
education research is seen as a socia/human field of study, it cannot escape this
reflection. The classical micro-macro debate in sociology addresses the issue of
whether the social world is to be understood by studying individual and their
interactions or by studying social structures. Each social discipline delimits the scope
of the “social” in its objects of study in particular ways. Some types of areas refer to
the “social” as a broad, all-embracing functioning of human action in whole cultures
and civilizations (e.g., Beck, Giddens, & Lesh, 1994). Other kinds of sociological
viewpoints related to disciplines such as psychology or economics, have defined the
“social” as the realm of interaction among individuals. Mathematics education
researchers, in the study of the socia and human phenomena of mathematical
thinking, learning, teaching and education, have taken a stance in this discussion
implicitly (more often than not). Mathematics education research, as characterized
previously with a focus on the didactic triad, has tended to focus so much in
individual mathematical thinking, reasoning and cognition that the “socia”
dimension was almost non-existing. One example of this could be mathematics
education as seen from a radical constructivist perspective centered on individual
reorganizations of mathematical ideas. Social constructivism and related views of
learning opened for a social dimension in terms of inter-personal interactions. It is
only with certain recontextualizations of socio-cultural theories that the
understandings of the social move beyond the individual and inter-individual level
and, as Abreu says, push for the need of establishing a connection between micro and
macro levels of the social. Nevertheless, studies in mathematics education from
socio-cultural perspectives have also tended to focus on micro-contexts, probably
because the dominance of discourses of the field of study with a centre on the
didactic triad, and with a closeness to the “problems of practice” define the legitimate
problem field in terms of micro-interactions and micro-contexts. The interesting
guestion that emerges here is whether focusing on objects and problems in a micro-
sociological level is the only possibility for mathematics education research. | will
return to this point.

® The research of Guida d’ Abreu offers an interesting example of the different notions of context
put in operation in research on mathematical practices. From her earlier research on Brazilian sugar
cane farmers to her recent work on the valorizations of mathematics among immigrant children and
parentsin England (Abreu, 2007), it is possible to identify the differences in theoretical perspectives
concerning how to deal with the significance of context in relation to mathematical practices.
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Addressing context —and with it the many factors, actors, meanings and discourses
that are difficult to grasp at a micro-social level but that researchers know have a
great influence on the micro settings that we choose to research— is a difficult
matter. In systematic readings of literature, researchers point to the need of research
that actually deas with both the micro-complexity and the macro-complexity of
mathematics education. | present here a selection of studies from different types of
research and theoretical orientations that illustrate this concern.

In the USA and dealing with the concern of how to expand massively the
constructivist-inspired vision of school mathematics of the NCTM, Confrey (20003,
2000b) argued that it was necessary to expand constructivism from the level of a
learning theory operating at individual or classroom level, to the level of a system.
She urged for aview of research that could go beyond the micro-findings of research:

[...R]esearch never anticipated all of the leaks in the bucket, nor did it bring strongly
enough into relief the fact that the bucket is only a small part of a large system. It is
undeniable that researchers identified critical issues [...] Despite the importance of these
results, changing any one of them alone was proving insufficient to fix the problems of
mathematics and science. [...] All of these changes require one to look more broadly,
beyond the restricted focus of a research study. All of them require us to move beyond
the level of the classroom, a move that occurs only rarely in educational research.
(Confrey, 2000a, pp. 88-89)

An examination of research and development initiatives in the USA to bring
democratic access of students to the goods associated with high achievement in
mathematics, Rousseau and Tate (2008, p. 315) conclude:

The factors influencing democratic access in mathematics education are complex. If we
look strictly at events as they occur in the classroom, without consideration of the
complex forces that helped to shape those learning conditions, our understanding is only
partial [and] the solutions to the problem [are] ineffectual. We must seek to reach afuller
understanding of the complex issues that shape access and opportunity to learn in
mathematics so that, in turn, we can develop more effective strategies to ensure access
and opportunity for all students.

In the area of teacher education, studies on the professional development of
mathematics teachers and on their learning have argued and shown the importance of
broadening the understanding of what is at stake when professional teachers do their
work and learn. Krainer has pointed to this systematically since the end of the 1990’s.
More recently (2007, p. 2), he writes:

It is important to take into account that teachers' learning is a complex process and isto a
large extent influenced by personal, social, organisational, cultural and political factors.

Acknowledging the multiple influences in teachers' learning, the third volume of the
International Handbook of Mathematics Teacher Education (Krainer & Wood, 2007)
Is organized around chapter addressing teachers professional learning at individual,
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team, community and network levels. The book as a whole illustrates research that
moves beyond individual teachers and classrooms.

The examples above represent few key studies of people who, in different research
areas and during the last 10 years, have argued for a need to expand the scope of
research of the field. If mathematics education research ought to tackle systematically
not only the micro-contexts of mathematical teaching, learning and thinking, but also
its macro-contexts and the relationship between the two types of contexts, it is
evident that definitions of the field of study centered on the didactic triad and
recognizing the existence of a context are not enough. | will now engage in exploring
a proposal of what the field of research practices, and therefore, the field of
educational practices could be thought of.

MATHEMATICSEDUCATION ASA NETWORK OF SOCIAL PRACTICES

Our understandings of mathematics education as a field of research practices need to
be enlarged, and with that our understandings of the practices that are the objects of
study of the research field. This idea has always been part of a concern that has
emerged from my research experience in Colombia as part of the team of researchers
called “una empresa docente” at the Universidad de los Andes in Bogota, later on as
part of my doctoral studies at the Danish University of Education in Denmark, and
now as part of the research group in mathematics and science education at Aalborg
University in Denmark.

This idea has been developing since 1999 when, in the exploration of the relationship
between mathematics education and democracy, | wrote:

First, the justifications to connect mathematics education to democracy are not only
found in the mathematical content, but also and mainly in the social and political factors
that constitute the learning and teaching relationships in the classroom, in the school and
in society. Second, and as a consequence of the latter, it is necessary to study the context
of the practices and its components. By doing so, we could gain a better understanding of
what mathematics education for democracy means in other instances where the socia
relationships that constitute and shape mathematics teaching and learning are built. Thus,
a definition of the social practices of mathematics education should include not only all
the institutionalized relationships among teachers, students and mathematics at the
different levels of schooling, inside and outside the educational system, but also the
activity of policy makers that at a nationa level deal with the design of curricular
guidelines for the teaching of mathematics [...]; the activity of writing mathematics
textbooks [...]; the complex relationships that configure the teaching of mathematics
within the organizational structure of educational institutions [...]; the spaces of teacher
education both in its initial [...] and further stages [...]; as well as the configuration
processes of social conceptions about the role of mathematics education in society [...].
All these practices together should be potential and legitimate objects of study if we aim
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at understanding and, at the same time, promoting a mathematical education for
democracy. (Vaero, 1999, p. 21)

My initia concern for the relationship between mathematics education and
democracy within the framework of critical mathematics education proposed, among
others, by Skovsmose (Skovsmose, 1994) has evolved to become a general concern
for developing a socio-political approach to mathematics education. As | have argued
elsewhere (Vaero, 2004b, 2007), such an approach views mathematics education as
social practices where power relationships among the participants in and the
discourses emerging from the practices are an important constitutive dimension. In
contrast to a socio-cultural perspective to read mathematics education where the issue
of power is not dealt with explicitly or is hidden in the valorization of practices and
meanings within semiotic systems, a socio-political approach privileges power.

The concept of the network mathematics education practices has been under
construction for a while and it has been named dightly different in my different
writings (Valero, 2002, 2007, 2009). This paper has been an opportunity more to
clarify the views, assumptions and analysis behind such notion. More than a finished
concept, | see the concept as being still under construction. But what does this notion
refer to?

In the first place, if mathematics education practices are to be defined beyond the
didactic triad and in relation to their broad context, it is necessary to define
“mathematics education” not only in terms of the agents and phenomena strictly
related to mathematical thinking, teaching and learning, but also in terms of the series
of social practices that contribute giving meaning to the activity of people when
thinking, learning and teaching mathematics, as well as when engaging in situation
where mathematical elements are present. Thus, the meaning of mathematical
thinking, teaching and learning is not exclusively related to the particular meaning of
the mathematical content and concepts in learning and/or teaching situations”.
Meaning is also related to the significance given to the mathematical rationality
within a diverse series of social practices constituting educational practicesin agiven
historical time. Behind thisideathere is the clear recognition that what we understand
by mathematics is far from being a unified body of knowledge determined by the
practices of professiona mathematicians, but rather a series of “knowledges’ and
“language games’ bounded to a diversity of practices, all of which have a family
resemblance. The recent work of Knijnik (2008) in ethnomathematics is useful here
to discuss the issue of meaning and diversity of mathematics in relation to social
practices. The work of Sfard (2009) in identifying the irresistible pervasiveness of
numberese, the numerical discourses in our societies, is useful in understanding how

* Skovsmose (2005) has pointed to this idea in relation to the sense that students make of
mathematical ideas. For him meaning is constructed in relation to the students foregrounds and the
role that mathematics plays in how students perceive their future possibilitiesin life.
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numerical discourses associated with the diversity of language games of mathematics
In our society constitute ways of seeing the world. If mathematics-related language
games are present in many spheres of practice, the meaning of them are aso
constituted in relation to those practices and their discursive elements.

Second, which isthe diversity of social practices where the meanings are constituted?
Mathematics education as afield of educational practice can be defined as a series of
social practices, carried out by different people in different sites, where the meaning
of the teaching and learning of mathematics is constituted, in particular historical
conditions. Those social practices are to be found not only in the classroom where
teachers and students interact around mathematical content, but also in, for example:

o family practices and parents' demands to school (mathematics)

e |ocal community practices and their educational needs

e international or national educational policymaking practices in mathematics,
which structure and regulate the forms of valid knowledge, competences and
achievement levelsto be attained by students and teachers in mathematics

e teacher education practices

e textbook production practices

labour market practices and expectations on the mathematical qualifications of

workers

mathematics education research practices
mathematics research practices
youth culture practices

mass media practices and the construction of public views and discourses of
mathematics

e practices of international comparisons of (mathematics) achievement

Many other sites of practice could be mentioned and could be identified to be
relevant at a given historical time. As an example, we could consider the role of the
international comparative studies that, from the time of TIMMS in the middle of the
1990's have had a great influence in national policies, local curricular changes and
teachers’ work. Particular meanings of what counts as mathematics education have
been put forward through the impact that results of these comparisons have had on
adjusting mathematics educational policies in many countries. The PISA studies have
also brought with them definitions of mathematical competency that have been
incorporated in several European countries. These definitions have framed what at
this historical time policy makers, teachers and researchers understand by
mathematical competence. The work of Jablonka (2009) evidencing this rationality is
useful in seeing how the PISA rationality has permeated many other spheres of
practice in mathematics education. Whether international comparisons will keep on
having such a defining role in the network of mathematics education practices in the
future depends on political and economic configurations of the discourses that will
rule educationa thinking in the years to come. As for mathematics education it is
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clear that such an element has impacted in this historical time. The future aso
remains uncertain.

By using the idea of a network —in contrast with the use of the concept of system— |
want to convey the idea that these various sites of practice, their participants,
organization, rules and discourses, are sometimes loosely and sometimes tightly
coupled depending on particular historical circumstances. It is not possible to assume
a particular general dynamic and development of the practices, except from the idea
that many of them are implicated in the construction of the multiple meanings
ascribed to mathematics education in a given time and location. In this sense, this
notion is different from, for example, the vision proposed by Confrey (2000b) of a
constructivist learning system.

Figure 5 is an attempt to represent the network of social practices of mathematics
education, as far as my two-dimensional expertise for this kind of drawings permits
to grasp the idea. The “bubbles’ represent a site of practice. Notice that some bubbles
are empty. With this | want to convey the idea that many practices may be considered
at a given time. The connecting lines may sometimes be weaker and some times be
stronger. A better representation would be to imagine a 3-D constellation of bubbles
that move, become bigger or smaller, and connecting in distinct ways at different
times.
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Figure5: A representation of the “Network of mathematics education practices’

For me, defining mathematics education in terms of the network of mathematics
education practices allows to evidence the cultural, social, economic, historical and
political complexity of mathematics education. It also opens for envisioning a quite
distinct field of research practices that, besides dealing with the objects and
relationships that it has addressed until the moment, can engage in other types of
research moves, with the double am of generating deeper understandings and
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interpretations of the field and of addressing the problems of practice of the multiple
participants in this broader field.

If the field of research deals with the study of the field of educational practices
defined in terms of the network, then three issues become evident. Firstly, the field of
research and any study within it can be defined in terms of the mathematical
specificity of it. However, the mathematical specificity of mathematics education
research cannot be defined mainly in terms of the particular mathematical content,
notions or competencies being addressed in the research. Rather, it has to be defined
in terms of the significance of the mathematics-related practices and rationalities for
the construction of the meaning of such practice, or other related practices, among its
participants. When discussing research the concern of some researchers with the
mathematical specificity of a given project is often expressed though questions such
as. “But... would it matter if one changed the word ‘mathematics for the word
‘geography’ or ‘history’ in this project?” If we understand the mathematical
specificity of mathematics education research in the broader terms proposed here,
questions such as the one above will become completely irrelevant and would not be
anymore a question to judge whether a research is a “proper” mathematics education
research. If a research addresses in substantial ways the meaning and importance that
different participants give to mathematics-related practices, or how mathematics-
related rationalities that have an impact on the way mathematics education discourses
are formed, then a research could be part of the field of mathematics education. In
other words, the mathematical specificity of the field is related more to the social
valorization that mathematics-related practices have in the dominant cultural, socia
and political order, and not to an explicit mathematical content or knowledge being
researched. Such valorization is associated to the status of the field as a
power/knowledge, which allows participants in mathematical-related practicesto gain
a positioning in relation to other people. That we study mathematics-related practices
and their relation to the meaning of mathematics education has therefore a social and
political significance, even if there is no apparent mathematical content involved.

Second, the study of any of the practices involved in the network has to acknowledge
seriously contextualization. In contrast to the decontextualization that dominates in
views of the field focusing on the didactic triad, researching the network of
mathematics education practices invites to search for the intricate relationships
between different sites of practice in constituting each other. The contextualization of
mathematics education practices point to the contingency of practices and discourses
when people engage in the task of giving meaning to mathematics-related ideas and
practices in educational spheres or in any other sphere of human action®.

®> For an example of a study exploring the significance of contingency and complexity when
researching mathematics education practices see Stentoft (2009).
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Third, the view of mathematics education as a network of social practices implies that
research problems do not need to be defined nor addressed within the didactic triad in
a closed manner, but rather they can be formulated and tackled in the openness of the
sites of the network. While a closed view of the field of research and practice will
tend to become internalistic and provide problems and explanations within the realm
of the elements involved in the didactic triad, the network of mathematics education
practices highlights that the problems researchers formulate and their interpretations
are always fragmented and cover only one little part of the complexity of practice.

The issue that | will engage with now is. how is it possible to do research in the
“hyper-complexity” that the network of mathematics education suggests?

RESEARCH MOVESIN THE NETWORK

Whenever we do research, we perform a “move” or a strategy in the process of
constructing knowledge about the objects involved in our study. It is obvious to say
that these moves depend on theoretical and methodological frameworks, as well as on
the traditions of the field of study. In mathematics education as a field of research
practice focused mainly on the didactic triad, the most frequent research moves can
be characterized as strategies addressing a very well defined research object, where
the complexity of variables or factors considered is limited in order to make research
proj ects manageable and realizable. The research move has been then a move towards
an in-depth exploration of few factors and actors. The result of such move has been
the production of a considerable amount of knowledge about how factors work in
isolation, at the expense of how they interact together. Confrey’s quotation cited
above pointed precisely to this characteristic of mathematics education research.
Some people call this the “fragmentation” of the field, which could be solved by
striving for unification of theories. Whether this unification is possible and desirable,
and actually can contribute to address the fragmentation is an issue of debate in the
community. | do not think that striving for unification is neither possible nor
desirable. | agree with Lerman (2006) in the argument that the apparent
“fragmentation” is a very condition of the endeavor of researching social and human
processes such as mathematics education, at the historical time we are living now.
Rather, |1 would argue that fragmentation emerging from research moves that try to
cover the depth of defined problems needs to be complemented by different research
moves that provide needed problematization and better insight into the social and
political complexity of the multiple practices of mathematics education. In what
follows, | will formulate three research moves —among many others one could think
of— for researching the network of mathematics education practices.

If mathematics education practices are seen as the network | proposed, the aim of the
research field would be to provide insight into not only how each single node of the
network operates constructing the meaning and significance of mathematics
education, but also into how different nodes interconnect at particular historical
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times. A research move aming at covering the breadth of the social practices of
mathematics education would then “dslice” and define objects of study in a different
manner. It would define problems in terms of the interrelationships of different nodes
in the network.

fure nnwcerional arena
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Figure 6: Defining research moves in the “Network of mathematics education
practices’

The highlighted areas in the diagram above illustrate possible ways of “slicing” the
network in a research move trying to gain breadth in the research. The area
highlighted in the right side of the diagram would correspond to a study of, for
example, how international comparisons in mathematics have affected national policy
making, school leadership and demand for change to mathematics teachers in schools
at the level of staff organization. The highlighted areato the right could correspond to
a study on teaching and learning cultures in the classroom in relation to youth culture
and demands from the labor market. The study of Zevenbergen (2005) on
“Millennial” young people' s numeracies at the workplace is close to such a kind of
exploration of the network.

Other examples of such a research move for breadth is Martin (2000) who examines
how the systematic failure of Afro-American students in the USA is constituted in a
multilayered space of individuals, schools, families and communities. He shows how
the mathematical identities of the students in his study can only be seen and
interpreted in this multiple, interconnected levels. The research of Alrg, Skovmose
and Vaero (2008) argue and document the need of expanding the lenses for
researching learning possibilities and conflicts in multicultural mathematics
classrooms by considering the interconnectedness of at least nine different settings of
practice: students foregrounds, students identity, teachers perspectives of and
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priorities in mathematics teaching, classroom interaction, the mathematical content,
friends' priorities for participation in mathematics education, parents expectations of
mathematics education, the tools and resources available and the public discourses on
diversity and education.

Another important strategy is moving back and forth along the continuum of agency
and structure or, in other words, micro-social and macro-social units. One example of
this type of move is the work of Gellert (2008), who in examining the issue of
comparing and combining different theoretical frameworks, delineates a general
methodology that, based on interactionist and structural theories, allows to interpret
how the mathematics classroom discourses and practices are implicated in the re-
construction of social in(ex)clusion. Morgan (2009) also presents a study that, within
the framework of critical discourse analysis, shows how the differential discourses of
mathematical ability in curricular documents and textbooks targeted towards students
with different attainment levels generate differential educational possibilities for
different types of students. This study illustrates that ideas and discourses of
individual mathematical ability are not only produced in the classroom, but are also
produced in institutionalized practices at a level of structure that goes beyond the
individual participants in mathematics education practices in classrooms. These two
studies exemplify research moves, with their corresponding theoretica and
methodological tools, that connect the micro and the macro contexts of mathematics
education.

Y et another strategy is moving along time to find the historical constitution of the
meanings of mathematics education. Such a move evidences the contextualization of
mathematics education practices in particular social configurations. Inspired on the
archaeology and genealogy of practices and discourses suggested by Foucault,
Knijnik and her collaborators have been recently exploring how different central
ideas in the field of mathematics education have come to be created. One example is
the research by Duarte (Duarte, 2008) on how the idea of the necessity and
importance of connecting school mathematics and the world out of school —or the
“rea” world— has emerged in the particular case of Brazilian mathematics education
discourses. The study digs in the history of education in Brazil and identifies the
historical moment in which the conditions for the introduction of such ideatook place
at the beginning of the 20" century. At the same time, the process of
recontextualization of the idea in relation to mathematics education is shown through
an analysis of mathematics education journals and conference proceedings in recent
times. Other studies (Knijnik, Wanderer, & Duarte, 2008) examine and problematize
how other ideas such as the necessity of using concrete materials have become part of
the dominant discourses of mathematics education.
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TOWARDSTHE FUTURE

Mathematics education research has grown as a field of educational research. It has
expanded in terms of the amount of results produced, the diversity of theoretical
approaches and the richness of the problems addressed. Mathematics-related
practices in schools and in different social spheres of action also become more and
more evident to different participants in those practices. Whether mathematics
education research has the potentiality for addressing in significant ways those
practices and generating interesting insights about them, is a matter of how far
researchers —as well as practitioners— want to engage in the exploration of the
social, cultural, historical, political and even economic significance of them in the
construction of society.

Enlarging the scope of the field in terms of the network of mathematics education
practices poses both intellectual and ethical challenges. Researching the network of
mathematics education practices through, among others, the three types of research
moves | suggested here demands much more collective effort, and much more
sustained interdisciplinary collaboration with colleagues with expertise in other
research fields. | am well aware that, given the tighter funding possibilities for
mathematics education research at this moment and the increasing publication
demands from university administration, constructing research agendas in thisline is
an ambitious task. Nevertheless | still think that more studies in this line will help the
field gaining a richer insight and understanding into the functioning of mathematics
education in society. Tackling the complexity of mathematical thinking, learning,
teaching and rationality in our societies is definitely an intellectually sophisticated
and demanding —as well as fascinating— endeavor.

It is aso an ethical challenge in that an honest concern with the betterment of
practices —and with the many tortuous and disenfranchising school experiences of
many children around the world— demands taking political risks that go beyond the
known boundaries of established disciplines and fields of research. Moving the
boundaries of a research field such as mathematics education is an ethical
commitment with what our work as educators and researchers has to offer to our
selves, our children and the generations to come.

| hope that the complexity that suggests the network of mathematics education
practices can question the very many comfortable, good and predictable research
results that pullulate in the field, and open the space for a third epoch of research
concerned and committed with the relationship between mathematics, education and
society. As suggested by different participants in the ICMI Centenary symposium in
Rome in March 2008 (i.e., Artigue, 2008; Blomhgj, 2008, p. 172; da Ponte, 2008, p.
110; Povey & Zevenbergen, 2008, pp. 285-286) as an international community we
have gained awareness of the complexity of mathematics education. The European
community represented in CERME can certainly contribute in that direction. It is
timeto do it!
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Basic Characteristics of Algebraic Thinking:
>Signs as Descriptor s vs. >Signs as Cr eator

A reaction tothe Plenary talk by Luis Radford: Signs, Gestures, M eanings.
Algebraic Thinking from a Cultural Semiotic Per spective

Heinz Steinbring,
Universitdt Duisburg—Essen, Campus Essen

“To talk about algebraic thinking is a bit risky” (Radford). But perhaps aso (for the
reactor): “To talk about a talk about algebraic thinking might be a bit risky.”

To give a first impression | must confess that the plenary paper by Luis Radford
offers a deep and broadened new view on: “Algebraic Thinking from a Cultural
Semiotic Perspective’.

The author puts a basic focus on the questions: What is thinking? —and —what
especially is algebraic thinking? A first characterization of algebraic thinking is
presented: “... agebraic thinking is about dealing with indeterminacy in analytic
ways, ... [and]: ... There are other semiotic systems than the alphanumeric one to
signify indeterminacy — natural language and diagrams, gestures, actions, and
rhythm, ...” (Radford).

Why this conceptual and theoretical complexity? Is it a help or a hindrance for
understanding algebraic mathematical thinking? Wouldn't it be much easier to simply
state: Algebraic thinking and school algebrais essentially linked to the correct use of
“letters’? (perhaps because such a view directly emphasizes school algebra and
learning in everyday classrooms?)

This multilayered and complex conceptual understanding of algebra and algebraic
thinking can help:

* to better understand and to reconstruct the broad spectrum of factors involved in
students' ways of learning and understanding elementary algebra

» to be aware of hidden difficulties that might depend on some elements of this
spectrum of semiotic means (i.e. >perceptiong, as described in the plenary paper)

The development and characterization of algebraic thinking in the broader “zone of
emergence of algebraic thinking” is then related to three forms of generalizations:
(Factual, Contextual, Icon Formulas — Symbolic Formulas)

Factual

* “In factual generalizations, a“formula”’ should better be understood as an embodied
predicate ...”

« “ ... this generalization occurs within an elementary layer of generality — one in
which the universe of discourse does not go beyond particular figures ...”

« “... the semiotic means refer to some given objects of reference ...” (Radford).
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Contextual (* contextual generalization”):

* “this generalization applies to non particular figures’

« “ ... an explicit contextual description of the figure, supplemented sometimes by the
actions that have to be carried out to find the total of circles in this unspecified
figure...” (Radford).

| con Formulas— Symbolic Formulas

o “...endow [...] formulas with new abstract meanings’

o “... transform the iconic meaning of formulas into something that no longer
designates concrete objects’

« “... the terms of the formula have to be considered in relation to the signs that they
contain ...”

* “Resemblances and differences ... must no longer be based on spatial and
embodied considerations but in morphological ones.” (Radford).

These three “stages’ carefully describe a chalenging path of developing algebraic
thinking as a body-sign-tool mediated cognitive historical praxis using different sorts
of objects (concrete, non particular, general) to which body gestures, tools and signs
refer to for developing algebraic thinking as a “body-sign-tool mediated cognitive
historical praxis’ (Radford).

G ee— /)

ol S Y
Fig. 1 Dot pattern and arithmetical formula (taken from Radford).

This developmental process is accompanied —what was mentioned in the plenary —
by an increase of interaction / communication between students and also their
teacher.

| would like to make two maor comments on this developmental way to algebra and
algebraic thinking:

First Comment: The spectrum of semiotic means — body, gestures, actions, rhythm,
artefacts, signs, symbols —is this meant as:

» Toolsfor thinking and / or tools for communication?

“ ... thinking is a complex form of reflection mediated by the senses, the body,
signs and artifacts.” (Radford)

... ways of thinking result not only from the engagement of the student with
mathematical problems but also from the interaction between the students and
teachers.” (Radford).

It would be most interesting to understand in more concrete details the role of
interaction in the development of thinking:

» Could students algebraic thinking be supported when they become aware of the
body-sign-tool use of other students?
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» Apprehending gestures, signs and artefacts explicitly also as means of
communication, allows for investigating the development of students' thinking
while ghe is trying to take over the perspective of another student —and that is
important for students to make changes in the epistemological status of algebraic
signs.

Second Comment: School algebraand “letters’: body, gestures, actions, and rhythm,
artefacts, signs, symbols: Are they tools of describing and / or tools of creating?

o “...dphanumeric symbolism is not the only way to designate and express
Indeterminacy.”

e “... myideaisnot to chalenge the power of symbolic algebra.”

« “... there are many semiotic ways (other than, and along with, the symbolic one) in
which to express the algebraic idea of unknown,...” (Radford).

sign as descriptor
g p -

object sign
sign as creator
Fig 2. How are signs and objects related to eachother?

“... the simple picture of an independent reality of objects providing a pre-existing
field of referents for signs conceived after them, in a naming, pointing, ostending, or
referring relation to them, cannot be sustained. ... The result is a reversal of the
origina movement from object to sign. The signs of the system become creative and
autonomous.” (Rotman 1987, 27/8).

a C

1.
A=594igsih
h \
A=gh /|
9

Fig. 3 Different areaformulas for different geometric shapes — signs describing objects.

Let me illustrate this idea by using an elementary example from school geometry.
Students are often used to understand the area formulas for different elementary
geometric area shapes as separated and with out any conceptual connections (see
Fig. 3). The ordinary understanding can be summarized as. Four different area
formulas with signs describing “ objects’!

>

One Formulafor all four areas (rectangle, triangle, parallelogram, trapezium) with
signs creating mathematical objects defined by new relations — namely the height (h)
and the midline (m) (Fig. 4).

A=m-h
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Fig. 4 One areaformulafor different geometric are shapes — signs creating objects.

The new — theoretical formula— uses signs to create new mathematical objects by the
defining relations and conditions hidden in the concepts of height and of midline.

| certainly can agree with the statement: “... letters have never been either a
necessary or a sufficient condition for thinking algebraically.” (Radford), but when
signs as descriptors change to signs as creators then they become indispensable —
they do no longer refer to objects — but they now create objects.

* (School-) Algebra and agebraic thinking is not dependent on letters —when
simply used as names for objects.

» Generic algebraic thinking and also developed school algebra needs letter-like
semiotic inscriptions that exist and live autonomously within the operational
mathematical structure.

So one could critically comment on the important role signs play in mathematical
constructions: “... what ... teachers and students think they are doing —using
algebraic symbols as a transparent medium for describing a world of presemiotic
geometric pattern sequences —is semiotically alienated from what they are ... doing
— namely, creating that reality of geometric pattern sequences through the very
language which claims to “describe” it.“ (Rotman 200, 36/7). [A quotation taken
from Rotman (2000) and slightly modified to the development of algebraic thinking
in schools.]

The early development of algebraic thinking — described and elaborated by Radford —
as a body-sign-tool mediated cognitive praxis: for the learning student it is firstly a
“movement from object to sign” —with signs as descriptors.

Here some thought provoking and research requiring questions could be posed for
stimulating further careful scientific investigations in this interesting mathematics
education research area:

* How a“reversal” —amovement from sign to object — could be realized?

* How isit possible that “the signs of the system become creative and autonomous’
for the learning students later?

» What could be an adequate body-sign-tool mediated cognitive praxis for algebra
with signs as creators?

» “The narrative has to collapse...” (Radford) for signs as descriptors. But what is
the new narrative about for signs as creators?
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* How is it possible to induct students into a creative and autonomous world of
elementary algebra after they have gone their path from “objects’ to “signs’?

In thisregard | completely agree with Luis Radford's statement: “ Unfortunately, | do
not have a cure for this problem —and | do not think that there is a royal road to
... algebra.”
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COMMENT TO PAOLA’SCONFERENCE:
DIALOGISM IN ACTION
Margarida César
Universidade de Lisboa, Centro de Investigacdo em Educagéo da FCUL

This is a reaction to Valero's conference and paper (Valero, in press). These are the issues that
stroke me while preparing the conference (with her) and later on while reading her paper: (1) how
we use power and which voices are heard and which are silenced; (2) the role played by the
implicit/explicit in meaning construction and in social participation, particularly in mathematics
education practices; (3) the relations between theories and practices, (4) the impacts of
mathematics education research on the construction of dialogical identities; (5) the contribution of
mathematics education to an inclusive and intercultural education.

CHALLENGING POWER IN MATHEMATICSEDUCATION

While discussing with Paola how to organise our participation while preparing the
conference, and then reading her paper, the first set of questions that | considered was
related to the researchers’ decisions, namely those that are usually not explicit when
the results are made public:

e  Theoreticaly, what do we emphasize?
o How do we choose the object of research?
e  What do we mean by participation?

Thisfirst set of questions made me ask her why she had chosen the social practicesto
be part of her title and not the cultural practices and, at a broader scope, to reflect
about why some of us put the focus on the political, while others put it in the social,
in the cultural, or in the historical-cultural, just to mention a few possible ones. What
| would like to stress is that even the choices we usually do not explain, like the titles,
or the focus of our research, are shaped by many of the theoretical, epistemological
and methodological choices we made. We are aware of many of them but probably
many others need clarification, particularly when we reflect upon the consequences
of those choices for those with whom we develop the research and those who
participate in it (César 2009, in press). It includes reflecting about the researchers
theoretical choices. For instance, what is the difference between using the construct
didactic contract (Schubauer-Leoni, 1986; Schubauer-Leoni & Perret-Clermont,
1997) or norms (Yackel & Cobb, 1996) to explain part of what is going on in a
formal educational scenario such as the mathematics classes? And when we choose to
implement and study cooperative work (Rogers, Reynolds, Davidson, & Thomas,
2001) instead of collaborative work (César, 2009; César & Santos, 2006), or
dialogical collaborative work (Elbers & de Haan, 2004; Renshaw, 2004)? Why do we
decide to emphasize one of them instead of the other(s)? What are the consequences
of these decisions for the research, including the participants who are not often aware
of those decisions and seldom participate in them?
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My point is that while deciding about issues like the theoretical background, the
object of the study, the epistemological principles that shape these choices, or the
methodological options we assume, we are already using our own lenses in order to
illuminate a particular part of the problems we would like to study. Thus we are also
shaping, up to a certain point, the answers we will get to the research questions.
There is no such thing as neutral and entirely objective research when we are dealing
with human beings and complex phenomena such as mathematics education. But, as
Denzin (1998) underlines, we must be particularly clear and aware of the knowledge,
experiences, values, beliefs that shape our decisions as researchers. This creates huge
challenges to the scientific writing - inspired in the so-called exact sciences - but
actually referring to quite different objects and contexts. Thus, it must be clear,
rigorous, but it must include information about the researchers paths and choices.
Researchers must be particularly attentive to the quality criteria in research. Not
being able to be objective because we assume knowledge as situated (Lave &
Wenger, 1991) should not be confused with lack of rigour or facilitation regarding
the research procedures and choices (Hamido & César, 2009). Assuming the
subjective nature of learning — and then, also of research — means being particularly
careful while studying the context, the participants characteristics, the situations in
order to produce thick and detailed descriptions, and interpretations that can be
validated by the readers and by their peers (Denzin, 1998; Kumpulainen, Hmelo-
Silver, & Ceésar, 2009). This is important because, as Valero (in press) states, there
are “(...) growing amounts of published papers’ (p. 1) but this increasing number is
not a guarantee of quality.

This leads us to another issue: what is participation. Moreover, who is alowed to
participate in research, in scientific events, as a plenary speaker, or in the different
roles that research participants assume. Another issue is the degree of participation,
I.e., for instance, when we describe the participants in a particular research, what does
it really mean to be a participant? Do they participate in the research decisions? What
does it mean to be an informed participant? And who decides about the children and
youngsters participation: Their legal representatives (e.g. parents) or also themselves?
In other words, how do we — researchers, academics, teacher/researchers — conceive
mathematics education research? How do we put it into practice? Do we conceive it
asatool for learning (César, Barrios, & Cristo, 2008; Barrios, César & Cristo, 2009)?
Do we conceive it as a mediator in the promotion of those children, youngsters and
researchers development? (César, 2009, in press)? Or just as one of our many
professional tasks that we should perform the best we can?

From this first set of questions emerged a second set, related to the notion of voice
(Bakhtin, 1929/1981) and empowerment (Apple, 1995):

e  What elements shape the voices that are heard and which are silenced?

e Who are we empowering through the research we produce? And through
the educational practices?
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e What is the role of language, namely when we consider power issues and
participation?

Being a psychologist who studies children and youngsters categorised as presenting
special educational needs (SEN), such as Deaf students, | became aware that despite
the enormous amount of papers regarding mathematics education, some voices are
still quite silenced. The Deaf community is just an example, as there is amost no
research — and the one that exists is very hard to publish — about Deaf students
learning mathematics, particularly in secondary schools or at the university. There are
amost no studies relating the Braille and blind students mathematics learning
interactive patterns, or relating the language Deaf people use (sign language) and the
solving strategies to which they have easier access to while solving mathematics
tasks (Borges, 2009; Santos & César, 2007). Valero (in press) refers to the “issue of
mathematical specificity” (p. 6, italic in the original), but she uses this designation in
arestrict sense. | would enlarge it and connect it with some of the characteristics that
shape different needs and ways of mathematics learning, like the sensoria
characteristics of Deaf or blind students, or some mathematical thinking that is
shaped by participating in a different culture (César & Kumpulainen, 2009). This
leads us to the need of equity, also stressed by Cobb and Hodge (2007).

What | am arguing is that although realising that there is a great amount of papers
published about mathematics education, some domains of research are amost not
explored and this means silencing many of the children and youngsters that were
supposed to learn mathematics and to have access to numeracy and literacy. Thus,
through the research we produce — also through the one we do not alow to be
produced, for instance because there is no financial support to develop it - we are
empowering some people and excluding others, usually those who participate in
minority cultures and communities, and whose language is more differentiated from
the mainstream language, and then more demanding for researchers. This is done in
explicit ways (e.g. verbal language) but also through implicit ways (e.g. non verbal
language, ways of acting) that are more difficult to understand when you participate
in cultures that are far-away from the mainstream one (Ceésar, 2009, in press).

The role played by language in mathematics education and in mathematics research is
aso emphasised by the role played by English language in academics and
researchers’ professional tasks and careers. Once the highly valued scientific journals
are only in English —and we should remember that 20 years ago this was not the case
-, and the same goes to the top valued scientific events, authors who are not fluent in
English experience several forms of exclusion: they do not dare to submit their papers
to journals and scientific events, even when they are able to find someone to trandate
their work then they are not able to communicate in an effective way with their peers
during the events; and this leads to frustration and lack of equity. Thus, power and
participation are distributed in ways that give a voice to some people and do not
allow others to have one (Apple, 1995). Thisis illuminated by some narratives about
schooling like the ones produced in a TV programme (France 3) | watched when |
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arrived, quoted in French in honour of our French colleagues who organised
CERME 6. This was a programme about people who became famous when they were
grown up, but who had experienced so much underachievement that many of them
dropped out of school and others had to repeat several grades. When each one of
them explained his’her school path, Jean-Marie Rouart stated that: “Le succés est un
mystéere. L’ échec est un mystére. De quel c6té on se trouve? Jai toujours cru que je
serai de ceux qui échouent.” (Dumas, 2009). But he was not. He became a famous
writer despite of being considered an underachieving student in languages and of the
difficulties he experienced before accomplishing the bac (last year of secondary
school, in France). Moreover, he was elected to the Académie Francaise on the 18"
December 1997, one of the highest distinctions for a French writer.

But | wonder if the research we produce is able to avoid the many forms of exclusion
experienced by so many students in mathematics classes. Thus, when Valero (in
press) states that “(...) we need to rethink and enlarge definitions and views of
mathematics education as a scientific field of study in order to provide better
understandings and alternatives for practice in the teaching and learning of
mathematics’ (p. 1), | certainly agree. But | would go further: in order to provide a
more inclusive and intercultural mathematics education, inside and outside schools,
and also to promote students' cognitive, social and emotional development instead of
creating barriers. | agree that an “(...) increasing attention was given to reflexivity in
mathematics education” (Vaero, in press, p. 2), that we moved from de-
contextualized studies into contextualized ones, and that we need a broader notion of
interactive interplay (César, 2009, in press) — that Valero (in press) designates as a
network of social practices - but this can co-exist with giving voice/power to some
and silencing others. If this is done in a very subtle way, it can be very dangerous.
The example of Deaf students learning mathematics in mainstream schools and the
lack of preparation teachers get during pre-service education to teach these students
illuminates that. It also illuminates the gap between policy documents and
researchers’ discourse and practices, illustrating the need to create bridges between
theories and practices, between academics and researchers, teachers and
teachers/researchers. But also between researchers and participants that should not be
seen as merely objects of research but as living human beings who are affected by the
research decisions and designs we use.

Thus, | miss some points in Valero's (in press) analysis in order to complete the
picture of moving from the didactic triad into more dialectic and dynamic forms of
communication: the notion of dialogism (Markova, 2005; Renshaw, 2004); of
interactive interplay (César, 2009); and of the regulatory dynamics of participation
(César, in press). Assuming, as Sfard (2008) puts it, that learning - and thinking - is
communicating, these are essential constructs. In order to study and understand the
relations between some of the elements of the network of mathematics education
practices we need to be able to illuminate the processes underneath the interactive
interplays between them. For instance, if we study the relations between a particular
school, families, students, staff, the community and the school |eadership, we need to
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value the variety of culturesin which each individual participates. To achieve an in-
depth understanding of mathematics learning, knowing the cultural background of
students is not enough. One needs to conceive identities as dialogical, to understand
the different and often conflictive I-positioning that can be assumed in different
situations (Hermans, 1996, 2001), scenarios and contexts, and how they shape
mathematics learning, mathematical thinking and mathematical performances. These
are complex studies that need to be longitudinal and/or to have long follow ups that
allow for a broader comprehension of the impacts of mathematical learning. This
leads usto alast set of questions:

e How can mathematics education (research) contribute to the construction of
dialogical identities?

e How can research and the teaching practices in mathematics education
contribute to a quality education and to equity in the access of the cultural
mathematical tools?

e How can theories, practices and research in the mathematics education
domain contribute to an inclusive and intercultural education, instead of
contributing to exclusion?

These are essential issues namely because mathematics is often associated with
underachievement, negative social representations, frustration, and seen as a selective
subject (César & Kumpulainen, 2009). Some research illuminates that it can be seen
differently and that students, families, poor-literate adults, and, more important, all
human beings, can experience mathematics education in a different way. But this
depends on how those who have more power in this domain will useit.
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CERME 6 — SPECIAL PLENARY SESSION
Ways of working with different theoretical approaches
in mathematics education research

The contributions on the following pages constitute a report about a CERME 6
special plenary session; they include an introduction by Tommy Dreyfus, two papers
by Angelika Bikner-Ahsbahs and by John Monaghan, and a report on the discussion
that followed the presentations by Angelika and John.

We thank Susanne Prediger for her help with recording the discussion.
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WAYS OF WORKING WITH DIFFERENT THEORETICAL
APPROACHESIN MATHEMATICSEDUCATION RESEARCH
AN INTRODUCTION

Tommy Dreyfus
Tel Aviv University

The development and elaboration of theoretical constructs that allow research in
mathematics education to progress has long been a focus of mathematics education
researchers in Europe. This focus has found its expression in many CERME working
groups. some are focused around a specific theoretical approach and others alow
researchers from different theoretical traditions and backgrounds to meet and discuss.
For example, the working group on Argumentation and Proof at the present (CERME
6) conference has reported on passionate discussions about different theories and
their relationships (Mariotti, 2009). More specifically, relationships between theories
have been made the explicit focus of attention of the theory working group that
started at CERME 4 in 2005. This group has been reconvened at CERME 5 aswell as
at CERME 6; this year, we discussed fifteen papers, twelve of which make use of at
least two theories and deal with how or why they can be connected in some way (see
the part on Working Group 9 on Different Theoretical Perspectives in Research in
Mathematics Education in these proceedings). The plenary activity from which this
report emanated inserts itself in this line of work of CERME; one of its aims was to
broaden the discussion about rel ationships between theories to include members of all
CERME working groups.

The undertaking of mathematics education is very complex; this complexity is well
expressed, for example, in Paola Valero's diagram (Valero, 2009). It is not without
reason that the field has developed from having a curricular focus via a cognitive
focus in various directions including philosophical, socio-cognitive, anthropological,
ethnographic, and other perspectives, all the while producing home-grown theories to
dea with all these aspects — and | am not even trying to distinguish between
paradigms, theories, theoretical frameworks etc. For example, Realistic Mathematics
Education has variously been characterized (including by people from the
Freudenthal Institute) as a theory for mathematics education, as an instructional
design theory or simply a philosophy for mathematics education.

When one reads a journal like Educational Studies in Mathematics, it seems at times
that every paper presents a new combination of existing theories, a new theory, or at
least a development of an existing theory. This raises the question how to look at and
deal with the diversity of existing theories in mathematics education. Does this
diversity express richness or does it express lack of focus (Steen, 1999) or even
arbitrariness?

The question is made all the more urgent and difficult since theories come in different
‘shapes’ and ‘sizes and have different functions. Some concern the micro-genetic
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analysis of alearning processes in a classroom on a time scale of seconds, others the
development of an individual student over months (or even years) and still others the
momentary functioning of entire education systems. The ‘mesh sizes' of theories thus
range from the individual student via groups, classes, and schools to entire
educational systems; and time scales under consideration range from seconds to
years. Nevertheless, in the end they all deal with the same fundamental issue: How
can students learn mathematics (better)?

However, even for (roughly) the same type of issue and scale, severa theories with
possibly different outlooks may exist; take for example the role of the social aspects
In learning processes at the scale of a lesson: Is the social unimportant since deep
mathematics is learned mainly when individual students are thinking by themselves,
Is the social the very vehicle of learning, or is it something in between, part of the
context of learning (see Kidron, Lenfant, Bikner-Ahsbahs, Artigue, & Dreyfus,
2008)? Such a fundamental difference is likely to express itself in terms of different
theoretical notions and hence different means and ways to analyze data.

Quite a lot of work has been done and published over the past ten years by people
aware of the issues raised by the existence and use of many different theoretical
frameworks, and trying to ‘do something about them’. Approaches have been very
diverse. A few group studies have been published, in which researchers have worked
on a common set of data, each researcher illuminating these same data from a
different perspective such as a recent special issue on Affect in Mathematics
Education (Zan, Brown, Evans, & Hannula, 2006). While this constitutes an
interesting learning experience for the researchers as well as for the readers, it does
not help us make progress toward connecting between the theories. We should be
more ambitious. Nobody is probably aiming at a grand unified theory (see, eg.,
Grand Unified Theory, 2009) as are theoretical physicists - this may be impossible
altogether in the social sciences, and even if it is possible, mathematics education
certainly has not reached this stage. We cannot even expect our community to
converge to a set of common basic notions because the very idea of common basic
notions negates the option of a variety of analytic approaches, and such a variety is
needed in order to understand the complex multi-scale phenomena we are dealing
with.

But we do need to make efforts to realize to what extent we are doing similar things
in different languages and to what extent we use the same language to do different
things. And once we realize that, we may want to establish connections, eliminate
redundancies and distinguish what can and needs to be distinguished. Even more
importantly, we want to find points of contact between theories that are dealing with
different but related areas and find a language to talk about such theories together, to
link between them in ways that are robust in the sense that they can be used by other
researchers. These issues are very complex because theoretical frameworks are
culturally situated — we have long known this from the difficulties many of us have to
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connect to and deeply appropriate the Theory of Didactic Situation (Brousseau, 1997)
that has emanated from the French cultural background and grown in the environment
of mathematics education in France. A recent issue of ZDM - The International
Journal on Mathematics Education (Prediger, Arzarello, Bosch, & Lenfant, 2008)
emanating from the CERME meeting at Larnaca offers a number of concrete case
studies for how different research teams dealt with the fact that several theories were
relevant for their study. There exist also examples from outside CERME, for example
an attempt to coordinate argumentation theory and Realistic Mathematics Education
to provide a microanalysis of a whole-class discussion (Whitenack & Knipping,
2002).

In the following two papers, two researchers experienced in consciously using,
combining, comparing and contrasting several theoretical frameworks in the same
study, will present different and possibly complementary approaches to such an
undertaking. Angelika Bikner-Ahsbahs has taken the initiative of creating and
coordinating a group of researchers who continue the work taking place at the
CERME conferences also in-between conferences. She has coined the term
networking theories to describe her view of how theories can be linked. John
Monaghan presents a point of view formed outside of the CERME theory working
group, on the basis of his research; this research has led him, for example, to refine
the theory of abstraction in context, which has enabled him to take a step of
integrating work on instrumentation with a dialectical, situated view of processes of
abstraction; he has also recently connected the purely cognitive ideas of concept
image and concept definition with a social view of learning mathematics. In his
paper, he stresses the role of the person of the researcher when selecting (parts of)
theories to network with; these two papers will be followed by some excerpts of the
discussion that followed the presentations.

Brousseau (1997). Theory of Didactical Stuations in Mathematics. Norwell, MA:
Kluwer Academic.

Grand Unified Theory (2006). In Encyclopaedia Britannica. Retrieved April 28,
2009, from http://www.britannica.com/EBchecked/topic/614522/unified-field-

theory
Kidron, 1., Lenfant, A., Bikner-Ahsbahs, A., Artigue, M., & Dreyfus, T. (2008).
Toward networking three theoretical approaches: the case of social interactions.

Zentralblatt fur Didaktik der Mathematik - The International Journal on
Mathematics Education 40 (2), 247-264.

Mariotti, M.A. (2009). Report from the Working Group 2 on Argumentation and
Proof. These proceedings.

Prediger, S., Arzarello, F., Bosch, M., & Lenfant, A. (Eds.) (2008). Specia Issue on
Comparing, combining, coordinating-networking strategies for connecting
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NETWORKING OF THEORIES: WHY AND HOW?
Angelika Bikner-Ahsbahs
Universitat Bremen

This contribution presents a short overview of the current discussion about a meta-
theoretical standpoint of working with theories. the networking of theories as a
practice of research. It explains some principles on which this kind of research
practice is based. Based on a methodological frame, an example is worked out
showing how the networking of theories can lead to deegpening insight into a problem
and to methodologically reflecting the process of connecting theories.

During the last four years a new kind of research practice has been investigated: the
networking of theories (Bikner-Ahsbahs & Prediger, 2006; Prediger, Arzarello,
Bosch & Lenfant, 2008; Prediger, Bikner-Ahsbahs & Arzarello, 2008). What does
this mean? Networking of theoriesis regarded as a systematic way of linking theories
(Bikner-Ahsbahs & Prediger, 2009). Linking theories is not a new idea. Within
conceptual frameworks (Eisenhart, 1991) different theoretical approaches are used to
build a consistent frame for research. In the case of design research, Cobb (2007)
argues for connecting theories as a kind of “bricolage” in order to capitalize on
different views. In addition, triangulation has developed as a kind of evaluation
criterion for qualitative research (Schoenfeld, 2002; Denzin, 1989).

A lot of scholars in the community of mathematics educators have already
triangulated different theoretical perspectives in their research projects to enhance
insight. However, the networking of theories means more than that, it means going
beyond triangulation and developing methodological tools for systematically
connecting theories, theoretical approaches and theory use. To be a bit more precise, |
will describe the networking of theories as a process of

¢ analyzing the same phenomenon in mathematics education from different
theoretical perspectives or within different theories,

e reflecting the use of these different theories,

e respecting the identity of each theory,

e exhausting the possibilities for linking them, and

e linking them

Meanwhile some research has been executed which has led to the development of
strategies, methods and techniques for the networking of theories and to some
insights about the benefit that can be reached this way (Prediger et al., 2008). An
interesting example is shown by Kidron (2008). Based on data she explains in detail
why more than one theory is needed to understand limit concepts. She networks three
theories analyzing the discrete continuous interplay of limits and shows how these
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three theories - the concept of procept, the instrumentation approach, and the theory
of abstraction in context - provide complementary insights and, hence, deepens
understanding of limit concepts like the definition of the derivative. Thisway, Kidron
Is also able to show strengths, weaknesses and the limitations of the three theories.

On a product level, the networking of theories might lead to types of networked
theories. However, since only first steps have been made in this direction, e.g. at
CERME 4, 5, and 6 and elsewhere (ZDM 40 (2) for an overview), it is not yet clear,
how these products might look. As Radford (2008) stated, the kinds of products will
depend on the aims of networking, for instance, developing the identity of theories,
experiencing the limits of linking theories, developing new methodological tools and
new kinds of questions etc. One current result of this effort is a landscape of
networking strategies that was worked out on the base of the contributions to the
theory working group of CERME 5 (Prediger, Bikner-Ahsbahs & Arzarello, 2008).

Figure 1. Networking strategies (Prediger et al., 2008)

This landscape represents a continuum of strategies for relating theories and
theoretical approaches to each other including the extreme poles of non-relation
between theories on the one hand and unifying them globally on the other. The term
connecting theories means all kinds of building theory relations whereas networking
strategies exclude the extreme poles. This landscape is ordered in complementary
pairs of strategies according to their potential for integration. An example below will
Illuminate some of these strategies.

The idea of the networking of theoriesis based on some principles, the principle of
1. regarding the diversity of theories as aform of scientific richness,
2. acknowledging the specificity of theories,
3. looking for the connectivity of theories and research results,
4. developing theory and theory use to inform practice.

The first two principles acknowledge the diversity of theories in the field of
mathematics education and accept diversity as a resource for scientific progress
(Bikner-Ahsbahs & Prediger 2009). The third principle assumes that research in
mathematics education produces much more connectivity than is visible at first sight.
Related to different viewpoints, the networking of theories provides the opportunity
to make these implicit aspects more explicit. The different ways of connecting
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theories presented at the theory Working Group 9 at CERME 6 illustrate the value
and variability of the third principle. The fourth principle does not necessarily need to
be shared by all the researchers in our field; however, it helps to keep research about
the networking of theories grounded in practical problems producing concepts with
an empirical load that is not empty (Jungwirth, 2009).

We are al busy doing research within and about mathematics education. If research
demands the use of different theories we should use them being aware that this has to
be justified somehow. But why is it necessary to engage in a meta-theoretical
discourse about theory use? Why do we need to reflect about linking theories?

1. WHY DO WE NEED THE NETWORKING OF THEORIES?

In order to inform practice, theories facing specific practica problems are needed.
Therefore a variety of theories of middle range scope, so-called foreground theories
(Mason & Waywood, 1996), have been developed, for instance different theories
about abstraction (Mitchelmore & White, 2007). Furthermore, the objects of
mathematics education research can be viewed from different theoretical
perspectives, e.g. cognitive, semiotic, social, .... Thus, a variety of research
perspectives and various theories have been used leading to theory development in
different directions. Researchers normally know what their theory is about but often
the theories' limitations remain implicit. Limitations of theories can be experienced
through the failure to apply them. A systematic way to provoke these experiences is
critique. It can lead to a change of view (Steinbring, 2008) but aso to the
development of theories in that concepts and their limitations become more precise,
additional concepts are constructed or the theories' parts become interconnected more
deeply. Therefore, the diversity of theories can be regarded as a resource for and a
consequence of critique (see also Lerman, 2006) and is scientifically necessary.

However, the diversity of theories has also caused problems (Prediger, Bikner-
Ahsbahs & Arzarello, 2008), for instance a language problem and a connectivity
problem. The first problem arises whenever researchers from different theoretical
traditions try to talk to each other, since different theories might use the same words
in different ways (e.g. social interaction in different tradition, see for example Kidron
et al., 2006) or different theories use different words for the same or very similar
phenomena (for example interest-dense situation and a-didactic situation, see Kidron
et a., 2006). The connectivity problem is related to the question of how research
results from different theoretical traditions can be connected to understand and solve
practical problems.

So we need scientific ways of dealing with the diversity of theories that encounter
these problems. The idea of the networking of theories might be a promising concept
for this task which has the potential to induce the development of a common language
among different research traditions and to investigate the ways in which theories and
research results can be linked.
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| will now present an example that shows how these goals can partly be achieved.

2. HOW CAN THEORIESBE NETWORKED?

In order to connect theories, a framework is needed that allows building relations
among them. Radford assumes a semiosphere that comprises the collection of the
semiotic parts of the different theoretical cultures within mathematics education
(Radford, 2008). He explains that a semiosphereis

“an uneven multi-cultural space of meaning-making processes and understandings
generated by individuals as they come to know and interact with each other.”
(Radford, 2008, p. 318)

Theories within this semiosphere can be described as triplets (P, M, Q) that establish
languages and allow the building of relationships between them. In these triplets, P
represents the system of principles, M is a sign for a system of methodologies that
can be connected to these principles in an appropriate way, and Q represents a set of
paradigmatic questions related to P and M. A connection between two theories
establishes a specific relation that depends on the theories' structures and the goal of
this connection.

Using this frame, | will present an example of the networking of two theories
illuminating the benefit of critigue for developing insight into a problem.
Methodological reflections will uncover five steps through which the process of
networking has passed. This example refers to a data set that was used by Arzarello
and Sabena (Arzarello, Bikner-Ahsbahs & Sabena, 2009). | will use it to explicitly
show benefits and limits of networking practices.

An episode about the growth of the exponential function

' Two students of grade 10 are working in a pair on an
| exploratory activity on the exponential function and its
growth. They use Cabri Geométre to explore the graph’'s
tangents. In this situation the teacher asks the students:
What happens to the exponential function for very big x.
The transcript shows the dialogue among the students G, C
and the teacher.

gl Now | would like to invite the reader to participate in a
short exercise using just afew pictures.

Figure2 Figure 2 shows the computer screen the students observe.

Figure 3 presents two pairs of pictures. The left pair shows the student’s gestures
accompanying his utterances. his left hand goes up. The right pair illustrates the
teacher’s gestures accompanying his utterances. he crosses two fingers going to the
right.
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Figure 3: The student’s gestures (left pair of pictures) and the teacher’s gestures (right
pair of pictures)

Please imagine for a moment what the teacher and the student are talking about. How
does the student answer the question about the growth of the exponential function for
very big x and how does the teacher react? — The student describes his perception of
the screen meaning that the graph seems to approximate a vertical straight line. The
teacher wants to show that this is wrong because every vertical straight line would be
passed by the graph.

We now consider the beginning of the discussion.

1 G: but aways for a very big this straight line (pointing at the screen), when
they meet each others, there it is again...that is it approximates
the, the function very well, because...

2 T:what straight line, sorry?
3 G:this... (pointing at the screen) this, for x very, very big

With broken language the student tells something about the growth of the exponential
function for big x. This broken language is an indicator for thinking aloud. Saying
“sorry” the teacher interrupts the student’s train of thought indicating that this
guestion is important. However, the student does not answer the question. Instead, he
defends the choice of the term “vertical straight line”. The student reacts to the so-
called illocutionary level (telling something through saying something) of the
teacher’s question. lllocutionarily, the teacher’ s disruption is an indicator that thereis
something wrong with the vertical straight line while on the locutionary level (what is
said) the teacher wants to know what vertical straight line G refers to.

During the following dialogue the student and the teacher talk about the function’s
growth, but, illocutionarily they negotiate about whose train of thought will be
followed. The student begins to become involved repeatedly but is disrupted every
time. In the end the teacher wins.

We now have alook at the |ast utterances.
14 T: eh, thisis what seems to you by looking at; but you have here x = 100 billion, is
this barrier overcome sooner or later, or not?
15 G:yes

16 T: in the moment it (the vertical straight line) is overcome, this x 100 billion, how
many X do you have at your disposal, after 100 billion?

17 G: infinite
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18 T:infinite... and how much can you go ahead after 100 billion?
19 G:infinite (points)
We see: The teacher isinvolved in arguing and the student’s involvement is reduced

to one (or two) word sentences (for a more detailed analysis of this episode see
Arzarello, Bikner-Ahsbahs & Sabena, 2009).

A case of networking

Two theories were used to understand the episode above (for a short introduction:
Arzarello et a., 2009b); a theory about the emergence of interest-dense situations and
a theoretical approach about how a semiotic game between the teacher and the
students shape the transition of mathematical knowledge.

The perspective of interest-dense situations

The first analysis is done from the view of the theory of the emergence of interest-
dense situations. This theory — regarded as a triplet — is based on the following
principles, methodology and questions:

e P1: Mathematical knowledge is socially constructed through interpretations of
the others’ utterances (see aswell: Kidron et a., 2008).

e P2: The object of research is “meaning-making” within the process of social
interaction.

e P3: In an interest-dense situation successful learning takes place as learners are
deeply involved in the activity of social interactions constructing mathematical
meanings in a deepening way. In these situations learning with interest is
supported.

e P4: If the teacher focuses on the students' train of thought the emergence of an
interest-dense situation is supported, if the teacher pushes the student to follow
the teacher’s train of thought the emergence of an interest-dense situation is
hindered.

e M: Main part of the methodology is speech analysis on three levels. On the
locutionary level an interlocutor says something; on the illocutionary level he
tells something by saying something; on the perlocutionary level the intentions
and the impact are taken into account.

The analysisis executed according to three questions:
¢ Q1: Did an interest-dense situation emerge?
e Q2: What conditions fostered or hindered it?
e Q3: How was mathematical knowledge constructed?

From the perspective of the emergence of an interest-dense situation the dialogues do
not lead to increasing student involvement. Locutionarily (what is said) the student
and the teacher negotiated the growth of the exponential function for very big x.
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Illocutionarily (telling something through what was said) the student and the teacher
struggle whose train of thought is followed. In some instances the teacher starts to
focus on the student’s thinking process but changes his argumentation immediately
according to his own train of thought, namely to work out a “proof of contradiction”:
Given a vertical straight line —seen as a asymptote- this line would be passed by the
graph of the exponential function. The degree of the student’s involvement decreases
while the teacher follows his own ideas, although the teacher tries to connect them
with the student’s utterances. Several times, an interest-dense situation is about to
emerge, but this process is interrupted by the teacher’s behaviour forcing the student
to follow the teacher’ s train of thought. The construction of mathematical knowledge
Is carried out by the teacher; the contribution of the student is very low.

The semiotic bundle approach (Arzarello, 2006; Arzarello et al., 2009a)

e P1: Mathematics is transferred through a semiotic game with the help of the
teacher.

P2: The object of research is the semiotic game and its semiotic bundle.

P3: Successful learning is interiorisation of mathematics by the help of the
semiotic game.

M: Analysis of the semiotic game according to the use of the semiotic bundle
meaning the interplay of speech, gesture, representations and the transition of
sign use.

Q1: How was the mathematical content transferred through the semiotic game?

Q2: Did the teacher tune speech and gestures with the student’ s ones?

From the semiotic bundle approach the semiotic game seems to be successful: The
teacher takes over the student’s words, using more precise explanations or following
the students' ideas for a while. He points to the computer screen showing what is
wrong in the way of the student’s perception. He underpins his explanation and the
proof of contradiction using gestures and tunes his words with those from the student.
As far as the teacher is concerned, the semiotic game seems to be fruitful. From the
perspective of the teacher’s options to engage in the semiotic game he has done a lot
of things to successfully transfer the mathematical content to the student. The student
seems to be convinced, since, in the end, he correctly answers the teacher’ s questions.

The networking of the theories

At first glance, these results seem to be contradictory. Each theory serves as a
resource for criticizing the other. After the networking process we found that the
results are complementary since we could add an aspect that provided the integration
of the different results. The teacher tries to tune his words with those from the
student; but the gestures show that the epistemological views of the teacher and the
student are different and they do not converge. The student uses his perception and
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extrapolates the growth of the graph of the exponential function for very big x: the
function seems to grow like a vertical straight line. The teacher’s view is theoretical
requiring potential infinity. Neither the teacher nor the student is able to bridge this

gap.
Some methodological reflections

The contradictory results were a reason for us to meet and refresh our anaysis.
During this process five steps emerged:

1. Re-analysis: Analysing the data together again from both perspectives made our
theories mutually more understandable.

2. Comparing and contrasting: As we contrasted and compared our theories we
began to juxtapose some principles and methodologies. For example: our views
on theory require different uses of the data.

3. Establishing a common ground: From the perspective of interest-dense-
situations | could explain how the emergence of an interest-dense situation was
hindered, but | could not explain why hindrance occurred. We agreed that the
semiotic game was not successful as shown from the other theoretical
perspective. The question was: why?

4. Complementary analysis. A hypothesis occurred as we looked at the semiotic
game, the gestures and the speech complementarily: The student’s
epistemological resource was his perception of the computer screen: he
extrapolated the growth of the exponential function for very big x. The teacher’s
epistemological resource was theoretical. This caused a gap that could not be
bridged.

5. Establishing an inclusive methodology: We used the three levels of speech in a
complementary way for the analysis of gestures and utterances and re-analysed
the data carefully. Again we reconstructed the gap between the epistemol ogical
resources that could not be bridged through the semiotic game as it was
executed.

Conclusions

Did we move forward? Well — yes, we did. The starting point was the contradiction
of our results that served as aresource for critique and a challenge for the networking
of our theoretical backgrounds. We developed a common methodology including
gesture analysis and the levels of speech into one anaysis. We have gained a
methodological overlap but we do not kn